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Abstract 

In this work we attempt to bridge the gap between heterotic orbifold models and Calabi-Yau com- 
pactifications using gauged linear sigma models (GLSMs) with (2,0) worldsheet super symmetry. We 
associate a specific GLSM to a heterotic orbifold model with twisted states that have non-vanishing 
vacuum expectation values (VEVs): The charges of the GLSM superfields are essentially determined 
by the shifted momenta of these states. When a twisted state contains an oscillator excitation, a 
fermionic gauging is introduced on the worldsheet, inducing a non-Abelian gauge bundle, e.g. the 
standard embedding. However, irrespectively of whether the twisted states contain oscillators or not, 
they can be interpreted as blow-up modes, as their VEVs are correlated with sizes of exceptional cycles 
in the resolved geometry. We show that the GLSM anomaly cancellation conditions ensure that the 
Bianchi identities are fulfilled for all possible triangulations of a resolution. By considering marginal 
deformations of a GLSM in the large volume limit we are able to directly determine its effective four 
dimensional spectrum. In the cases considered the spectra coincide with those computed via index 
theorems. 
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1 Introduction and motivation 



String theory provides a fascinating arena to learn about possible physics beyond the Standard Model 
(SM) of Particle Physics, because it is capable of describing both gravity and gauge theories in a unified 
framework. To show that string theory is really the ultimate theory of nature, a string theoretical 
realization of the SM has to be uncovered. In recent years progress has been made in achieving this 
goal within the heterotic string. 

Soon after the invention of the heterotic string [1,2] it was realized that its EgxEg version naturally 
leads to a Grand Unified Theory (GUT) when compactified on a six dimensional internal Calabi-Yau 
(CY) manifold preserving M = 1 supersymmetry in four dimensions [3]. With the simplest gauge 
embedding, the so-called standard embedding, the largest GUT group Eg is realized. But since it 
is not clear how to break this huge gauge group, the search was on for more complicated gauge 
embeddings which by the Donaldson-Uhlenbeck-Yau theorem [4, 5] are characterized as stable vector 
bundles with vanishing first Chern class. Unfortunately smooth CY spaces and such bundles are very 
complicated objects, so progress in finding the SM or its supersymmetric version, the MSSM, has been 
slow. Ongoing efforts of refs. [6-8] have resulted in MSSM-like candidates [9-12]. 

As smooth CY are difficult spaces, orbifolds were considered as simple - though geometrically 
singular - realizations of them. In particular T^/Zijy orbifolds define exactly solvable string models, as 
they are described as free worldsheet theories [13,14]. Because of modular invariance the Z^v orbifold 
twist has to be extended to act on the gauge degrees of freedom. In this work a heterotic orbifold is 
therefore always specified by a certain orbifold twist and its gauge shift embedding. Such heterotic 
orbifolds allow for a systematic search for phenomenologically viable models. In particular in the mini- 
landscape search on the Zg-n orbifold over a hundred MSSM realization were found [15-19] based on 
the idea of string theoretical orbifold GUTs [20-22]. Recently another interesting MSSM realization 
was constructed on a Z2 x Z2 orbifold as a SU (5) GUT that was broken down to the MSSM using a 
freely acting involution [23,24]. 

True MSSM realizations obtained from orbifold compactification require for both, phenomeno- 
logical and consistency reasons, that a certain number of scalars attain non-vanishing Vacuum Ex- 
pectation Values (VEVs).^ All known orbifold models contain exotic states that are not part of the 
SM yet charged under it. When these VEVs are for SM singlets, this results in a Higgs mechanism 
that preserves the SM group but nevertheless decouples many vector-like exotics. In addition, the 
one-loop correction to the D-term [25] of the so-called anomalous U{1) requires that at least one 
scalar charged under this U{1) has a non-zero VEV [26-28]. If the VEVs occur for twisted states, 
i.e. string states localized at the orbifold fixed points, this means that some of these fixed points of 
the orbifold with curvature singularities get blown up, i.e. smoothed out.^ If this would happen to all 
fixed points one would end up with a smooth CY. To understand the properties of the resulting CY 
and its gauge backgrounds one needs to systematically study the blow-up process. In refs. [29-32] the 
topology of the smooth CY resulting from orbifold resolutions were discussed using toric geometry 
methods [33,34]. There has been recent progress in realizing gauge fiuxes (line bundles) on both non- 
compact and compact resolutions [35-38]. In some particular non-compact orbifolds even the metric 
and Abelian and non-Abelian gauge backgrounds were explicitly constructed [39-41]. 

Unfortunately, the above description of the blow-up procedure has some severe limitations. The 

^The presence of moduli, i.e. such VEVs, poses a serious obstacle to fully satisfactory phenomenology. In this work 
we do not address the question of moduli stabilization further. 

^We will see that happens irrespectively of whether the twisted mode which gets a VEV has oscillator excitations. 
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main problem is that one uses different frameworks in different regimes: On the one hand, one has 
an orbifold theory which can be investigated using conformal field theory (CFT) techniques. On the 
other hand, one investigates heterotic supergravity on smooth CY spaces using topological methods 
like index theorems. This means one has two very different descriptions that can only be compared on 
the level of the chiral spectrum. Unfortunately, it is unclear whether an overlapping region exists in 
which both descriptions can be trusted: An exact CFT description requires that all VEVs are absent, 
while a supergravity description on smooth CYs is valid when the volumes of exceptional divisors 
are large. Moreover, it is unlikely that the D- (and F~)flatness and the decoupling of the exotics 
are realized in such regions even if they would exist. Therefore, a formalism that both applies in the 
orbifold regime and allows for a supergravity description would be very helpful. 

In addition, there is the practical complication that often a single orbifold can be related to many 
smooth CYs which are distinguished by their intersection numbers: Even though a toric resolution 
of an orbifold singularity is well understood mathematically, it often does not offer an uniquely de- 
termined geometry, because the resolution allows for various triangulations. For the T^/Zg-n orbifold 
this gives us millions of smooth CYs to consider [38]; and there are many orders more resolutions of 
the orbifold T^/Z2 x Z2 [24]. In light of this, it would be extremely useful to have a framework that 
treats all resolutions of a single orbifold on equal footing. 

Two dimensional gauged linear sigma models (GLSMs) seems to provide a formalism which has all 
these features. Witten introduced GLSMs as a concrete setting for investigating stringy geometries 
and their gauge bundles [42]. This gives a particularly convenient description of CY hyper surfaces 
in (weighted) projected spaces and complete intersection CYs. When the standard embedding is 
employed, this gives rise to a (2,2) supersymmetric gauge theory on the worldsheet, while for other 
gauge embeddings (2, 0) supersymmetry remains. (2,2) worldsheet supersymmetry ensures that the 
compactification space is a Kahler manifold; (2,0) supersymmetry only requires that the target space 
is complex with a trivial canonical bundle [43-45]. One important ingredient of a (2,0) GLSM is 
the Fayet-Iliopoulos (FI) parameter, which has the geometrical interpretation of a Kahler parameter. 
When this parameter tends to minus infinity, the worldsheet gauge symmetry is dynamically broken 
to a finite discrete subgroup, i.e. in this limit the GLSM describes a Landau-Ginzburg orbifold, the 
spectrum of which can be computed exactly [42,46]. The opposite limit leads to a large volume 
description, which can be compared with a supergravity treatment. In addition, GLSMs are capable 
of describing vector bundles and their deformations, even when they develop singularities [47-50]. 
Investigations of the type-II and heterotic strings using (2,2) and (2,0) GLSMs have recently been 
revived, see e.g. [51-54]. 

In this work we use GLSMs as an explicit framework which is able to interpolate between singular 
heterotic orbifold CFTs and smooth non-compact CY compactifications with gauge bundles. Con- 
cretely we study GLSM descriptions of resolutions of non-compact singularities C"/G with n = 2,3 
and G C SU{n) a discrete Abelian group, i.e. G = Zp or Zp x Zp. Let us emphasize that our purpose 
is not just to give some examples of such GLSM resolutions. (It is well-known how to write down 
consistent (2,2) GLSMs associated to orbifold resolutions using the standard embedding.) But rather 
we aim to identify the unique (2,0) GLSM, that is induced when certain states in the heterotic orbifold 
CFT spectrum take non-vanishing VEVs. In particular, these VEVs should characterize which gauge 
bundle arises on the resolution. In more detail our proposal entails the following: 

From the target space perspective the VEVs of twisted states of the orbifold CFT generate the 
blow-up. We therefore expect that the twisted state VEVs specifies which GLSM should be used. We 
give a precise recipe how to associate a GLSM to an heterotic orbifold model with certain blow-up 
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Figure 1: The dashed line schematically indicates that by selecting some blow-up modes |p,-,^r) within the 
twisted orbifold CFT spectrum, we can define a specific GLSM with given gauging of the chiral and chiral- Fermi 
multiplets encoded by the charges {qr,Qr)- When taking the blow down limit {br — >■ — oo) of this GLSM we 
recover the orbifold theory back, while the large volume limit (br — >■ oo) gives describes a non-compact CY with 
a certain (line) bundle. 



modes switched on: In a nutshell, the charges of the superfields in the GLSM are dictated by the shifted 
momenta that characterize the twisted blow-up modes of the orbifold model. This identification is 
inspired by our recent findings that the vectors that characterize line bundle embeddings are identical 
to the shifted momenta of certain twisted states in the orbifold spectrum [38]. In the blow down limit 
the original orbifold theory is recovered. In the opposite - large volume - limit the four dimensional 
charged spectra agree with those computed using topological techniques on toric resolutions. To this 
end we propose a novel technique to read off the four dimensional chiral charged spectrum directly 
from the GLSM.^ (For other methods see e.g. [55] and references therein.) The relations between the 
orbifold CFT, the GLSM and the supergravity descriptions are summarized in Figure 1. 

Finally, let us stress that GLSMs as such do not represent true string models, because the con- 
formal symmetry is lost; the gauge coupling in two dimensions has the dimension of mass. The basic 
motivation why GLSMs may nevertheless be relevant for string theory is that GLSMs defined in the 
ultraviolet (UV) are assumed to flow to a CFT in the infrared (IR). Some evidence in this direction 
has been provided in ref. [56-59]. Since the renormalization group equation (RGE) flow is governed 
by a continuous parameter, the renormalization scale, any quasi-topological quantity is presumably 
protected and can be reliably computed in the UV using GLSMs. In this paper we take a pragmatic 
approach, and simply take GLSMs as convenient tools to characterize the stringy geometry of orbifold 
resolutions and their gauge bundles. We realize that we should consider gauged non-linear sigma 
models (GNLSMs) to incorporate the full string dynamics. However, for most purposes of this paper 
the linear approximation is sufficient; only for the computation of the charged spectrum in target 
space we do need to take non-linear effects into account. 

Paper setup 

To this end we have structured the manuscript as follows: In Section 2 we give a brief account of 
the necessary ingredients of (2,0) supersymmetric GLSMs in two dimensions. Holomorphic marginal 
deformations are introduced, and it is recalled how the supersymmetric minima of the worldsheet 
D-term potential describes the effective target space geometry. Finally for later use, we summarize 
the GLSM consistency requirements. In Section 3 we review the basic construction of non-compact 
heterotic orbifold models, and recall how to determine their massless spectra. Section 4 describes 
our proposal of how switching on twisted states as blow-up modes leads to a specific GLSM on the 

*Even though we use non-holomorphic kinetic terms on the worldsheet to do so, which are not protected against 
renormalization, the spectrum computation seems to be remarkably reliable in the cases examined. 
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worldsheet. Section 5 the general discussion is illustrated by describing the blow-up procedure of the 
orbifolds C^/Zs and C^/Z4. In Subsection 5.3 the C^/Z2 x Z2 orbifold is used to demonstrate how 
changes in topology are treated in an entirely smooth fashion by the GLSM. Finally, Section 6 gives 
a proposal for how to determine the charged chiral spectrum in the effective four dimensional theory 
by considering marginal deformations of the kinetic terms of the chiral- Fermi multiplets. We check 
that this method reproduces the charged spectra of line bundle models on the resolution of the Z3 
singularity. Our main conclusions and outlook are collected in Section 7. 

The (2,2) and (2,0) superspace conventions are collected in Appendix A. In Appendix B we briefly 
recall (2,2) supersymmetric theories, and in Appendix C we review (2,0) theories. The reduction of 
(2,2) theories in two dimensions to (2,0) models is recollected in Appendix D. 

2 Gauged linear sigma models 

This section provides a review of gauged linear sigma models (GLSMs) described in terms of (2,0) 
supersymmetric field theories in two dimensions. Further details can be found in refs. [42,48,60,61]. 
Here we mainly focus on the physical content of such theories; the precise details have been collected 
in Appendix C. Worldsheet theories with (2,0) supersymmetry are conveniently described in terms of 
superfields. Such superfields are functions of (2,0) superspace, which are spanned by the worldsheet 
coordinate cj, a and the fermionic variables 9'^,9~^ . The relation of (2,0) superspace in two dimensions 
and the maybe more familiar four dimensional = 1 superspace is reviewed in Appendix A. 

The field content of a generic GLSM can be encoded in a number of superfields: the gauge, chiral, 
chiral-Fermi and Fermi-gauge multiplets. As in four dimensions, these superfields contain physical 
degrees of freedom and often also non-dynamical auxiliary fields. The basic superfields together with 
their physical and off-shell components have been collected in Table 1. As can be seen from Table 1 a 
chiral superfield contains a complex scalar z'^ and a holomorphic (or right-moving) fermion (i.e. 
see (C.27)). A chiral-Fermi superfield A" only contains a physical anti-holomorphic (or left-moving) 
fermion A" (i.e. see (C.29)). The worldsheet theory of the free heterotic string has labels a = 0, 1, 2, 3 
and a = 1, . . . , 16 in light-cone gauge, respectively. (Recall that in light-cone gauge one only describes 
the coordinates transverse to the light-cone, so that = x'^ + ix^, . . . ,z^ = x^ + ix^.) Their worldsheet 
action reads 

5het free = J d^ad^9+ [^^aB^'' - ^ A,A"} , (1) 

in the (2,0) superspace language, see Appendix C. 

In two dimensions we can distinguish two types of gaugings: bosonic and fermionic. One introduces 
gauge multiplets {V,A)^ for the former and Fermi- gauge multiplets for the latter. (For their precise 
gauge transformations and their components see (C.18), (C.19) and (C.30), (C.31) of Appendix C.l, 
respectively.) Such gaugings remove some degrees of freedom from the worldsheet theory. Therefore, 
in order to keep the number of physical degrees of freedom the same, one needs to add an equal number 
of new (or exceptional) chiral or chiral-Fermi superfields to the theory. The charges of the superfields 

and A" are denoted by qj and Qf, respectively. The fermionic gaugings 

A" ^ A° + M"i(^)H\ + (2) 

are characterized by holomorphic functions M"j(^') and chiral superfield gauge parameters H*. 
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Table 1: The superfield content of a gauged linear sigma model and their physical on- and off-shell degrees of 
freedom (DOF). 

In addition to the gauge symmetries GLSMs often possess various discrete gauge symmetries: 
These lead e.g. to the various spin structures and are therefore of crucial importance, as they define 
the heterotic string. We call them L- or /^-symmetries depending on whether the left-moving fermions 
A" or the right-moving fermions ip^ transform under them, respectively. In this paper we will be only 
concerned with the SO{32) heterotic string, therefore we assign L-charge of 1/2 to each chiral-Fermi 
superfield A". The Grassmann coordinate has an i?-charge of —1/2, while the chiral superfields 
'f" are neutral, so that the right-moving fermions ip^ carry i?-charge 1/2. 

2.1 Holomorphic deformations 

The standard parts of the action for a gauged linear sigma model consists of kinetic terms, displayed 
in Appendix C.2. The relevant and marginal holomorphic deformations can be represented by chiral 
superspace (/ d6~^ integral) contributions 

^deform = J dVd0+ {W{^, A) + pi{^) F,} + h.C. , (3) 

where Fj is the super fieldstrength (C.20) defined in terms of the fields displayed in Table 1. The 
deformations are parameterized by a gauge invariant fermionic superpotential W of mass dimension 
3/2 and by gauge invariant dimensionless holomorphic functions pj. It follows that the functions pi 
constitute marginal deformations. They have the target space interpretation as Kahler deformations, 
while the superpotential W encodes complex structure deformations. 

Given the dimension of the chiral superfields and A", the most relevant superpotential terms 
are given by 

iy(^',A) = miV„(^) A" , (4) 

with mass m. Since the superpotential is holomorphic and fermionic, it gives the most general TV (^, A) 
consistent with worldsheet Lorentz invariance with operators of mass dimension 1/2. When the GLSM 
has fermionic gauge transformations, one needs to require that the superpotential is gauge invariant, 
i.e. 

iV,(^)M^,(^) = . (5) 

At this stage it is important to make some comments concerning the relation between GLSMs and 
the CFTs that govern the string dynamics. A GLSM is a super symmetric field theory which does 
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contain dimensionful parameters, whereas a CFT by definition only has dimensionless parameters. 
Indeed, in two dimensions the gauge coupHngs e/ and ej (see (C.34) of Appendix C) for the bosonic 
and fermionic gaugings have the dimension of mass. Similarly, also the superpotential (4) is controlled 
by a dimensionful parameter m. Hence both gauging and adding a superpotential constitute relevant 
deformations of the theory. This means that one needs to take a conformal limit of a GLSM before one 
can give it a string theoretical interpretation. In particular for the theories discussed here, we are only 
really interested in the limit where the dimensionful couplings are all sent to infinity simultaneously. 
Consequently, introducing a (bosonic or fermionic) gauging or a certain superpotential structure is 
not a small deformation, but rather changes the dynamics of the theory in a very significant manner. 



2.2 Phases of a GLSM — Effective target space geometry 

A GLSM can be used to study changes of topology [42,62,63] . A change of topology, and in particular of 
the intersection numbers, is described as a phase transition induced by varying some of its parameters. 
The zero modes of the scalars in a given background are interpreted as the target space coordinates 
of the effective geometry. Such a background is characterized by scalars that acquire VEVs, {z"") 
minimizing the scalar potential. In order to preserve (2,0) supersymmetry the scalar potential needs 
to vanish identically. Different configurations of VEVs that are necessarily non-zero correspond to 
different phases of the model. Not all phases of a GLSM have a smooth target space interpretation: 
Only deep in the interior of a Kahler cone (where all Kahler parameters are positive and sufficiently 
large in our parameterization), can the model be treated using supergravity techniques. A GLSM may 
have various additional phases for which a smooth CY interpretation is not available. 

Let us describe the relation between GLSM and topology of its target space in more detail. Using 
the consequences of the fermionic gauge invariance (5) of the superpotential (4) the scalar potential 
takes the form 

^ = E f ( E 1-1' - + H"I1 |^«(-)f + E (-^')^- ' (6) 

la a ij 

where bi are the real parts of the complexified Kahler parameters pi\ = 6/ + i/3j. (The /3/ appear in 
the expansion of the Kalb-Ramond two-form and behave in the effective four dimensional theory as 
axions.) The mass matrix squared (A^^)*j = ct{z)M°' j{z) has generically maximal rank when 

the range of the indices a is larger than that of i. In this generic case the scalars are massive and 
their VEV lies at zero. 

As the scalar potential is a sum of squares, each of the squares has to vanish individually for the 
potential to vanish as a whole. The first two terms are obtained by eliminating the auxiliary fields 

and Dj contained in A"^ and , respectively. These terms vanish provided that the VEVs of the 
complex scalar can be chosen such that 

J] KOI' = ft/, iV4(-))=0. (7) 

a 

for all / and a. 



Divisors, curves and intersections 

A given complex geometry may possess a certain number of divisors and curves. Its topology is 
specified in part by their intersection numbers. (The information on divisors and curves fails to 
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capture the ff^'^-part of the topological data of the geometry.) The volume of the various cycles is 
set by the Kahler form J, which can be expanded as 




D 



in terms of a basis of independent divisors {D}. The volumes of curves C or divisors D are determined 
according to 



respectively. The volumes of curves depend on genuine intersections and double-self-intersections, 
while the volumes of divisors even contain triple-self-intersections. 

This geometrical information can be determined in any given phase of a GLSM. However, one 
should realize that some divisors, curves or intersections may exist in one phase, while being absent 
in another. It is straightforward to investigate whether a given divisor (or curve) exists: One simply 
checks whether the scalar potential can be made to vanish when the corresponding complex coordinates 
are set to zero. If this is possible, the divisor (or curve) exists, otherwise it does not. Using the 
same procedure one can also decide whether a certain intersection of three distinct divisors exists. Its 
intersection number equals unity, unless the vacuum is not uniquely defined: When a discrete remnant 
of the gauge symmetry is not fixed by the VEVs, the intersection number equals one over the order 
of this discrete gauge group. 

Provided that a curve C exists in a given phase, its volume is determined by the integral 



over the region where the potential V vanishes when restricted to the curve C. The integral is 
normalized to the unit disc. When this integral diverges, it signals that the curve C is non-compact. 
The computation of the volume of divisor D proceeds via an analogous integral 



By comparing these results with the expressions (9) for volumes of the various curves and divisors 
after inserting the expansion of the Kahler form (8), one can determine a large number of intersections 
(including self-intersections) in a given GLSM phase. 

2.3 Fermionic zero modes — Gauge bundle 

As we have analyzed in the previous section, the zero modes of the scalars inside the chiral multiplets 
characterize the target space geometry. Similarly the zero (or constant) modes of the fermions, Aq, 
inside the chiral-Fermi multiplet determine the properties of the vector bundle. There are at least 
three ways of obtaining non-Abelian bundles: (i) non-Abelian gauging on the worldsheet, (ii) fermionic 
gauging and (iii) left-moving fermion constraints from the superpotential. 




(9) 




(10) 





7 



In the present work we do not consider non-Abelian gaugings, so we restrict ourselves to the other 
constructions. The fermionic gauging, introduced in (2), lead to the transformation of the left-moving 
zero mode Aq 

feA^ = M,"((z))e , (12) 

where ^ = S| is the lowest component of the chiral- Fermi super gauge parameter H. The constraints 
on the left-moving fermion zero modes Aq arise as the lowest component of the equations of motion 
of the superfields lead to the linear constraints 

N^,aM)X^ = 0, (13) 

on the fermion zero modes Aq in the limit m — )• oo. 

The fermionic gauge transformations (12) and the constraints (13) have the geometric interpreta- 
tion of a complex of line bundles: Let Oa, Op and Or be the line bundles whose transition functions act 
on the Fermi multiplets A", F'' and the chiral superfields respectively. The holomorphic mappings 
M = (M"j(2:)) and = (A^a(z)) define a complex of vector bundles [42] 

^ o^^- A 0o„ A 0a 0, (14) 

a r 

where A^s denotes the number of fermionic gaugings. This complex generically determines a holomor- 
phic vector bundle via V = Ker(A^)/Im(M). Under certain circumstances the mappings M or N may 
degenerate and the resulting object is a sheaf rather than a bonafide vector bundle. Provided that the 
resulting singularities are not too severe the GLSM description still makes sense perturbatively [49]. 

Standard embedding — enhancement to a (2,2) subsector 

The models presented so far had (2,0) worldsheet supersymmetry. Under certain conditions a subsector 
of the theory can possess a higher amount of worldsheet supersymmetry. This happens when the GLSM 
describes the standard embedding where the worldsheet theory has (2,2) supersymmetry. 

It is not difficult to understand the necessary conditions for this to happen: As reviewed in 
Appendix D (2,2) multiplets can be decomposed in two (2,0) superfields [42]. A (2,2) chiral superfield 
decomposes into a chiral and a chiral-Fermi superfield of (2,0) supersymmetry. And a (2,2) vector 
multiplet decomposes into a gauge and a Fermi-gauge superfield. Thus a minimal requirement for a 
sector of a (2,0) theory to possess (2,2) supersymmetry is that the number of chiral and chiral-Fermi 
superfields are equal, as well as, the number of gauge and Fermi-gauge superfields. 

For a sector to be (2,2) supersymmetric, not only the degrees of freedom have to match, but 
also the interactions need to respect the higher amount of supersymmetry. From the results in the 
Subappendix D.2 we see that the (2,0) superpotential and Fl-terms can be lifted directly to a (2,2) 
superpotential and twisted-superpotential. The kinetic terms of the gauge and Fermi-gauge multiplets 
are (2,2) supersymmetric when the couplings ej and Cj are equal. The kinetic terms of the chiral and 
chiral-Fermi superfields possess (2,2) supersymmetry provided the bosonic and fermionic gaugings are 
compatible, i.e. the function M" has to be of the form 

M^ = (Q,)^M'^ (15) 

When this choice is made the sigma model describes what is conventionally called the standard em- 
bedding. 
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2.4 Consistency requirements for GLSM 

A generic GLSM does not constitute a consistent model, because it suffers from gauge, L- or R- 
symmetry anomalies. Furthermore, some of its physical finite parameters, like the Kahler parameters 
Pr, may receive infinite quantum corrections. 

Gauge anomalies are problematic because then the GLSM does not define a well-defined quantum 
worldsheet theory. Consistency of this model requires that all pure and mixed gauge anomalies cancel. 
This leads to the conditions on the charges 

a a 

for all /, J . These consistency requirements (for J = I) may be interpreted as the Bianchi identities 
from the target space perspective: The left- and right-hand-sides constitute the second Chern classes 
C2(V) and C2(T) of the gauge bundle V and the tangent bundle T, respectively. 

Anomalies in the L/i?-symmetries are not problematic for the worldsheet theory by itself, but 
impair the string theoretical interpretation: The existence of the L/i?-symmetries at the quantum level 
is necessary to ensure that the proper GSO projections, i.e. spin-structures, that define the heterotic 
string, can be implemented. As the L- and i?-symmetries are only discrete gauge symmetries, we do 
not have to require that their anomalies vanish identically; it is sufficient that 

a a 

modulo integers (indicated by "="). 

In order that we may interpret pi as a finite Kahler deformation, it is necessary that this function 
does not receive any infinite quantum corrections. This means that no divergent FLterm should be 
generated at the one loop level for the auxiliary field Dj, given in Table 1. As they are contained in 
superfields Aj, they only couple to the chiral multiplets, but not to the chiral- Fermi multiplets, see 
Appendix C. Therefore, this requirement reads 

a 

An alternative way to understand this requirement follows from four dimensional = 1 supersymme- 
try: It implies that the supposed (2,0) CFT must have a non-anomalous U{1)r symmetry, therefore 
its GLSM counterpart should be anomaly free as well. By comparing with (17) we conclude that this 
condition is stronger than the requirement that i?-symmetry anomalies are absent. This condition has 
the geometrical interpretation as the CY condition that the first Chern class of the tangent bundle T 
vanishes: ci(T) = 0. 

Similarly, a tadpole for a A/o- is avoided when J2a Q? ~ ^- When this condition fails, the gauge field 
component Ai„ receives a strongly renomalization dependent VEV. Prom the worldsheet perspective 
this might seem as a nuisance, but does not impede the target space interpretation. However, as noted 
above to ensure the proper GSO projection, we need to require that the L-symmetry is not anomalous 
(17), i.e. Qf = modulo even integers. From a target space perspective this means that the vector 
bundle V has ci(V) = mod 2. 
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3 Non-compact heterotic orbifolds 



In this Section we briefly recall some basics of heterotic orbifold model building, details can be found 
in the refs. [13,14,64,65]. We consider non-compact orbifolds C^/Z^ defined by the action 

for a = 0, 1, 2, 3 on the coordinates z"" of and their superpartners ip"" with iV G Z and Ylii v"' /2 = 0. 
(As explained above equation (1) the coordinate refers to the non-compact directions in light-cone 
gauge.) The former requirement states that the action is generically a Z^r action, and the latter that 
the spinor ) is left invariant, hence {J\f = 1) target space supersymmetry is preserved. We can 
make a specific choice for v given by 

/ m n m + n. N — m N , , 

^=(0'iV'iV' 0<m<n<^— , m<-. (20) 

(When m = we produce a two dimensional complex orbifold C^/Zyv-) The heterotic orbifold is 

fully specified by the additional Z^r action on the gauge fermions A'^ parameterized by the shift vector 
y = (Fi,...,yi6) 

A" ^ e^"^^" A" , a = 1, . . . , 16 . (21) 
These entries are required to satisfy A^F G Aig, with Aiq the Spin(32)/Z2 lattice. 



3.1 Partition function 

We consider the quantization of the orbifold theory on the worldsheet torus and define the path integral 

Zg](r) = y P^-PAe-^fr- , (22) 

as a function of the Teichmiiller parameter r; the complex structure of the worldsheet torus. Here 
g = (r, s, t) parameterizes the various worldsheet boundary conditions: The parameter r = 0, . . . , A^ — 1 
labels the different orbifold sectors of the theory; the parameters s = 0, 1 and t = 0, 1 label the spin- 
structures for the right- and left-moving fermions, respectively. On the worldsheet superfields these 
boundary conditions read: 

^'^((7 + 1,^+) = e2'^^™"$'^(a,e2^*te+) , (23a) 

A"(a + 1, 0+) = e2^K^'^"+|) A"((j, e^^^ ie+) , (23b) 

and similar g = {f,s,t) for the other torus boundary condition (that relates a — r to a.) These 
boundary conditions implement the orbifold action and the various spin structures of the heterotic 
string. 

An important constraint is that the wordsheet theory is modular invariant under the transforma- 
tions 

T: , S : T^-- . (24) 
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The partition functions (22) transform covariantly under the modular transformations, hence we need 
to combine the various sectors together to form a modular invariant partition function 



where 



Vg = Vr + ^eiQ , Vg = Vr + , (26) 



with Cn = (1, . . . , 1) with n entries 1 and Vr = rv and Vr = rV. For a Zjv orbifold applying the T 
transformation times takes the path integral (22) for each of the sectors back to itself up to a phase, 
hence modular invariance requires that 

N ^ N ^ 

— V^ = —v^. (27) 



3.2 Massless (twisted) orbifold states 

The massless spectrum of the orbifold in target space is obtained by expanding the partition function 
(25) up to constant terms in r. This decomposes the spectrum in sectors characterized by r = 
0, ...,A^ — 1. We define Vr = Vr such that all entries in Vr satisfy < Vra < 1. A sector r is 
independent provided that 

"^v^ = v^.e4 = l . (28) 

a 

When this condition is not satisfied, the sector is conjugated to another sector that does satisfy it. 
From now on we only restrict to the independent sectors that fulfill this condition. Each twisted 
state \Tr) = \pr, Pr),a"L{,JPr, Pr) , CTiyJPr, Pr) , etc, is characterized by shifted left- and right-moving 
momenta 



Pr=P + Vr , Pr = P+Vr , (29) 

with r 7^ 0. Here p takes values in the vector lattice A4 of 50(8) and P in the direct sum Aig of 
the root and spinor lattices of 50(32). In addition, to specify a twisted state fully, the numbers of 
left-moving oscillators, a"L^^ or a^^j^, that hit the vacuum state \pr;Pr), has to be given. (Here a 
denotes the index that is complex conjugated to that of a.) The twisted number operators n'^ and np- 
count number of left-moving oscillators a'^^^ and cr^y^, respectively. The twisted number operator 

Nr = Y,K-n7)Vra (30) 

a 

counts these excitations weighted by Vra, e.g. the oscillator state \a"i-Jpr,Pr) has Nr equal to Vra- 

The sums over the orbifold parameter r and the spin structures s,t in the total partition function 
(25) lead to the orbifold projection 

Vr ■ Pr — Vf ■ kr — ^{Vr ■ Vr — Vf ■ Vr) = , (31) 
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where kj. = pr — rir + fir. 

The masses of the states \Tr) are determined by the following formulae. We define the zero point 
off-set 

5Cr = ^Vr ■ {€4 - Vr) = ^ - ■ (32) 

The right-moving mass is given by 

Mji = lpl-l + dcr . (33) 

The two formulae above combined imply that the massless twisted state \Tr) has pi = v'^. The level 
matching condition says that right-moving mass needs to be equal to the left-moving mass 

ML = \Pr-^+ ^Cr + Nr . (34) 

This implies that the shifted left- and right-moving momenta squared are related via 

P^ = l+pl-2Nr. (35) 



4 Resolutions as GLSMs 

In this section we investigate how to associate a GLSM to a non-compact heterotic orbifold. The 
procedure we propose is as follows: From the massless spectrum of the non-compact heterotic orbifold 
theory we select one or more twisted states that acquire non-vanishing VEVs. We describe how these 
twisted states characterize specific bosonic and fermionic gaugings in the GLSM. 

As we have seen a given twisted state |r,.) is characterized by shifted right- and left-moving 
momenta pr and Pr- The idea is to promote these momenta to the charges and of chiral and 
chiral-Fermi superfields a = 0, 1, 2, 3, and A", a = 1, . . . , 16, under a bosonic gauge symmetry. 
This entails the introduction of a vector multiplet {V,Ay, which removes one chiral superfield from 
the worldsheet spectrum. Therefore, in order to keep the number of degrees of freedom the same as 
in the free heterotic theory, the gauging requires the introduction of a new (or exceptional) charged 
chiral superfield This new superfield is essential to ensure that the Fl-tadpole cancels, and 

that the model has an orbifold limit. When the twisted state involves oscillator excitations, anomaly 
cancellation further requires the introduction of an extra (or exceptional) chiral-Fermi multiplet A"^. 
As this changes the number of the degrees of freedom again, the introduction of this exceptional 
chiral-Fermi multiplet has to be accompanied by a fermionic gauging with a Fermi-gauge superfield 
T,^ . Below we describe these proposals in detail. 



4.1 Characterization of a GLSM by blow-up modes 

In the target space picture of the orbifold theory, the VEV (T^) of a twisted state \Tr) generates 
a deformation of the orbifold theory. Hence in the GLSM description of this deformation process 
we should be able to identify a complex function associate with this VEV. For any Abelian gauge 
multiplet {V, Ay one can write down a Fayet-Iliopoulos(FI)-action 

= / dVd0+ pr{^) + h.c. = / d^a[br{z) - priz) F^^} , (36) 
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see (C.35) in Appendix C, where the superfield strength F"^ defined in (C.20). Here is Pr('J') is a 
neutral holomorphic function of the chiral superfields Its lowest component is related to the VEV 
of the twisted state \Tj.) as 

=6, + i/3,^ln{^} + ... , (37) 

where is a mass parameter of the order of the string scale. To justify the appearance of the 
logarithm of the twisted state VEV we notice the following: The pullback of the Kalb-Ramond 
tensor Bmn to the worldsheet has the same index structure and symmetry properties as the gauge 
field strength F„^. In fact, by a gauge transformation the Kalb-Ramond field can absorb this field 
strength. This is the sigma model realization of the expansion of the Bmn in terms of exceptional 
divisors in target space. The expansion coefficients can be interpreted as twisted axions, because they 
shift under Abelian gauge transformation. In refs. [37, 40] it was realized that these axions are the 
phases of the four dimensional twisted chiral superfields that take VEVs in the blow-up procedure. 
Combining these pieces of information motivates the In(Tr) in (36). However, these arguments do not 
tell us what the precise value is of the mass is which sets the scale for the twisted VEV. 

As noticed above the bosonic gauging requires the introduction of a new chiral superfield to 
restore the right number of degrees of freedom. The charge of this superfield is —1, because the sum 
of all chiral superfield charges needs to vanish (18): 

g7 + ^ g° = g7 = -64 ■Vr = -l . (38) 

a=0, 1,2,3 

To understand the target space interpretation of the worldsheet Fl-term (36) we study the resulting 
scalar potential 

^=^y( E qr\z''?-\z-''?-br)\ (39) 

a=l,2,3 

obtained from (6). To preserve supersymmetry on the worldsheet, this potential has to vanish. 

In the limit where the gauge sigma model should reduce to the orbifold CFT, the twisted state 
VEV goes to zero: (T^) — t- 0. Because of the logarithm in (37) this means that the Kahler parameter 
hr tends to minus infinity. Since the charges q"" of z"" are all positive, this implies that 

|(z-)| = 7^ (40) 

needs to become very large. As the charge of z'"' is —1 while the charges of the z^ are fractional, 
the gauge transformations that preserve {z"^) generate a residual gauge action on z"". (Here 
rir = N/ gcd(r, A^) is the order of the twisted sector r. In particular, when r and N are relatively 
prime = N.) In this limit the gauge superfields decouple, since they form a massive vector multiplet. 
As removing some states from the spectrum could result in anomalies, in this process some vacuum 
phases could arise [66,67]. (We leave this interesting effect for future study.) 

This GLSM also gives a description of the exceptional divisor that arises in the blow-up process: 
When the parameter br > the zero locus of the potential (39) can be written as 

g«|z'^|2 = 6, + |z--|2 . (41) 

a=l,2,3 
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This shows that at least one needs to take a non-vanishing VEV in order that the potential is zero. 
Moreover, if we are located on the divisor i.e. set z"^ = 0, this equation defines a (deformed) 
five-sphere S^. On this five-sphere the U{1) gauge symmetry still acts, hence the GLSM describes a 
four-cycle /U{1) of "radius" \/b^ for 6^ > 0. This justifies to interpret br as a Kahler parameter (or 
a blow-up parameter) that measures the size of the exceptional four-cycle. Hence it makes sense to 
call a twisted state IT^) a blow-up mode when it takes a non- vanishing VEV, irrespectively of whether 
it contains any oscillators. 

In the following subsections we first describe how to associate a GLSM to a single non-oscillatory 
blow-up mode, then blow-up modes that have oscillator excitations, and finally consider some restric- 
tions and consequences of using multiple blow-up modes simultaneously. 

4.2 Single non-oscillatory blow-up mode GLSM 

We consider a single massless non-oscillatory twisted state \Tr) = \pr,Pr) as blow-up mode that 
survives the orbifold projection (31). According to the procedure above we would like to take the 
f/(l) charges of chiral superfields and Fermi multiplets A" equal to the shift momenta of \Tr), 
i.e. — Pr — Qr = ^ respectively. As noticed above the bosonic gauging requires the 

introduction of a new chiral superfield with charge —1 to restore the right number of degrees of 
freedom and avoid a divergent Fl-tadpole on the worldsheet. 

In this case no new chiral-Fermi multiplets need to be introduced as the worldsheet gauge anomaly 
vanishes automatically: The sum of charges squared of all chiral multiplets a = 0, ... ,3; -r equals 

ql= E (9?)' = 1+P'- (42) 

a=0,...,3;-r 

This is equal to the same sum for the Fermi multiplets 

Ql = Y.{Q'^f = P^ = l+pl , (43) 

a 

because of the level matching condition (35) with = (since |T,.) does not have any oscil- 
lator modes). To set the notation for later use, we collectively write all chiral superfields ^ = 

, . . . ,'^^;"^"^) and their charges qr = {q^, . . . ,qf;qr^ = —1) separated by a semi colon ";" to 
distinguish the exceptional chiral superfields from the ordinary ones. 

In ref. [38] it was found that the shifted momenta of twisted states without oscillators can be 
directly identified with bundle vectors that specify how line bundles on the resolution are embedded 
in the Cartan of the gauge group. In particular, it was found that certain Bianchi identities are related 
to mass-shell conditions of the corresponding twisted states. The description presented here gives the 
GLSM realization of these findings: The role of the Bianchi identities in the GLSM is played by the 
anomaly conditions. And precisely when we take Qr = Pr the level matching condition ensures the 
absence of the gauge anomaly. 

4.3 Oscillator blow-up mode GLSM 

Next we consider a twisted state that has one oscillator excitation, e.g.: \Tr) = a"^ \pr,Pr)- Since 
Pr still defines the charges of the chiral superfield a = 0, ...,3, we still need to introduce an 
exceptional chiral superfield with charge —1, as discussed above. Therefore a twisted state with 
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oscillators can also be interpreted as a blow-up mode, because the GLSM has again an Fl-term on the 
worldsheet that is related to a Kahler parameter of an exceptional cycle. 

However, because now A^^ = v'^ we violate the anomaly cancellation constraint if we simply set 
equal to P^, as = \ + — 2v'^ ^ 1 + . Hence unless we modify the identification between the 
charges and the shifted momentum P", we are not able to associate a GLSM to an oscillatory state 
|T,.). We propose to add some integral entries to the momentum P^- to define the charge vector Q^. 
and insert an extra exceptional chiral- Fermi multiplet A"'' with charge —1 in the GLSM. The reason 
that we are free to modify the charges of A" by integral amounts is that this does not modify the 
transformation properties of the orbifold state |Tr) in the blow down limit. For the same reason an 
integral charged extra chiral- Fermi superfield A"'' is invisible in the orbifold limit, provided we also 
introduce a fermionic gauging to balance the number of degrees of freedom. Hence for certain shifted 
momenta Pr we can construct charge vectors Qr that characterize anomaly free GLSMs. 

Here we describe one such case, which we will be using in various examples throughout the re- 
mainder of this work. Suppose that the state with an oscillator excitation has an entry of Pr that 
equals = ±(i;5? — 1) for some a E {1, . . . , 16} and a S {0, . . . , 3}. In this case we may take 

Q^^" = P,P , Q'^ = ±{P^ + l) = ±v'', . (44) 

Then in order to obtain an anomaly free GLSM, we introduce an additional chiral-Fermi multiplet 
A"'' with charge Q^^ = — 1. The anomaly cancellation then works out fine: 

Ql = Y.^Q^r? + {Qr? + {Q7? = Pr " - if + {v'^if + (-l)^ = P^ + 2^,^ = 1 + 5^ , (45) 

using the level matching condition (35) with = w", which equals to the sum of chiral superfield 
charges (42). When the twisted state contains more oscillators, one proceeds in the same fashion to 
find an anomaly free charge vector Q,.. It turns out that for all twisted states with oscillator excitations 
in the same twisted sector, one finds the same charge vector. 

When we consider twisted states with more than one oscillator, e.g. ot°i^^a^_^J\Pr ■, Pr), we can pro- 
ceed in a similar fashion, but now changing two or more entries of the left-moving shifted momentum 
Pr before interpreting it as the charge vector Qr of the chiral-Fermi multiplets. It turns out that this 
charge Qr is the same as that obtained for twisted states with a single oscillator. Hence, it seems that 
the twisted states with oscillator excitations are indistinguishable within the GLSM description. How- 
ever, as we explain next these various oscillatory states lead to different contributions in a fermionic 
gauging: 

As already alluded to above, in order to keep the number of worldsheet degrees of freedom the 
same, we need to introduce a fermionic gauging with a Fermi-gauge superfield S,.. The fermionic 
gauging is required to be holomorphic, see (2). In addition, only superfields with the same bosonic 
gauge charges can transform into each other under the fermionic transformation. Hence we find that 
this gauging takes the generic form 

5,A- = ^ [3% ^''Er+ Yl Prab ^'^^^ + . . . , J.A"^ = -^/"^ . (46) 

We have fixed the complex coefficient in the last equation to —1, using that we can always absorb 
a free complex parameter in H^.. The coefficients /3"a and Prab, etc., some complex parameters, can 
be identified with the twisted states with one, two, or more, oscillator excitations. The standard 
embedding is a special case of this where these parameters take specific values. 
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4.4 Multiple blow-up modes 



We now consider the situation with multiple blow-up modes. We distinguish two cases: (i) in each 
independent twisted sector we select a single blow-up mode, and (ii) in some sectors we have more 
than one blow-up mode. 

Single blow-up mode in each difTerent twisted sector 

In case (i) each twisted state \Tr) in each independent twisted sector is represented in the GLSM by its 
own extra chiral superfield and a bosonic gauging by a vector multiplet (V^Ay . Not all possible 
configurations of twisted state VEVs have a GLSM realization, since one has to ensure that all mixed 
anomalies (16) vanish as well. This gives a rather non-trivial set of consistency requirements. When 
we employ states that survive the orbifold projections (31), these conditions turn out to be satisfied 
in all cases examined in this work. This suggests that the orbifold projections (31) and the mixed 
anomaly conditions (16) of a GLSM are closely related. 

Reversely, one may wonder whether a twisted state that is projected out can ever be related to 
a consistent GLSM. Indeed, in general the mixed anomaly conditions are not fulfilled. Yet, these 
conditions may be satisfied for some projected-out states, if they contains oscillators. However, this 
generically leads to a non-holomorphic fermionic gauging which is incompatible with the (2,0) world- 
sheet super symmetry. Hence we conclude that it is generically impossible to associate a GLSM with 
twisted states that got projected out. We illustrate these findings for a specific Z4 resolution model 
where states got projected out from the second twisted sector, see Subsection 5.2. 

Multiple VEVs in a single twisted sector 

In case (ii) we have selected more than one twisted state in the same twisted sector, say two, |T^.) and 
T/), with shifted momenta p^, Pr and p^, P/, respectively. (As we have seen above all states in a given 
twisted sector with oscillators can be treated simultaneously using the same bosonic gauging; their 
distinction is only made in the fermionic gauge transformation.) Since we have two distinct blow-up 
modes, we introduce two bosonic gaugings (V^A) and {V'^A') and two extra chiral superfields 
and ^'"^ with charges (—1,0) and (0, —1) w.r.t. the first and second gauging, respectively. Since the 
blow-up modes come from the same twisted sector, pr = p'^ = Vr, hence it follows that the charges of 
the chiral superfields a = 0, . . . , 3 are equal. The full charge assignment reads 















-1 





q'r 







-1 



It might sound surprising that a single twisted sector induces two exceptional superfields. But 
this is necessary in order to keep the number of degrees of freedom equal, when each of the two blow- 
up modes introduces a gauging. Nevertheless, from a target space perspective there is just a single 
exceptional divisor. The reason is that the charge basis is not unique. Any change of basis of the U (1) 
charges still satisfies the anomaly constraints provided that the original basis was free of all pure and 
mixed anomalies. To ensure that the quantization conditions are not modified, the change of basis has 
to be an SL{2;Z) element. By performing the change of basis, = Qr and ijr- = Qr — Qr: we obtain 
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the D-term potential in the form 



z 



— \z 




— \z 



,l-r\2 



— br 



) 



2 



(48) 



a 



Because the z"' are neutral w.r.t. q^-, the coordinates do not appear in the second square. This 
implies that the expectation values of z"^ and z''^ are always correlated. This shows that from 
the target space perspective there is effectively just a single exceptional divisor with a single Kahler 
parameter. 

We should therefore interpret the parameter br~ = br — b'^. as a vector bundle modulus rather than 
a Kahler modulus: This parameter can distinguish between different gauge bundles and therefore 
different unbroken gauge groups in the effective four dimensional theory. Depending on the field 
content of the twisted sector in question various situations may occur, for example (we do not aim to 
give an exhaustive list here): 

1. If both VEVs are in the same vector representation of an SU{n) gauge group, then by a simple 
transformation these two VEVs can be transformed to a single VEV of a given component of 
this vector. In this case the parameter br- seems to be redundant. 

2. If the VEVs are in two representations of two different gauge groups, then this parameter only 
measures which representation has the larger VEV. 

3. If both VEVs are in the same rank-two anti-symmetric tensor representation of SU{n), then 
interesting effects may happen. An anti-symmetric tensor can be block-diagonalized. So if the 
two VEVs correspond to two of its eigenvalues, then their relative values determine the effective 
unbroken four dimensional gauge group, e.g.: 

• the gauge group is SU{2) x SU{2) x SU{n — 4), when both non-zero VEVs are different, 

• the gauge group is instead Sp{4:) x SU{n — 4), when both VEVs are non-zero but equal. 

We have studied such effects in detail in ref. [41] on the resolution of C^/Zs. There we were able to 
associate such different VEVs to different configurations of instantons on Eguchi-Hanson spaces. The 
arguments given here used an effective four dimensional field theoretical language, how to precisely 
describe these effects in an GLSM formulation we leave for future study. 

4.5 VEVs of untwisted states 

In the discussion so far we have investigated what kind of GLSMs are generated when twisted states 
take non-vanishing VEVs. From a target space perspective it is natural and often even necessary that 
also charged untwisted states take non-zero VEVs. As untwisted states correspond to the internal 
component of the ten dimensional gauge field, such untwisted VEVs result in continuous Wilson lines. 

We can reach the same interpretation from the GLSM perspective. Untwisted states reside by 
definition in the 0th twisted sector, and can therefore be described by the same mass formulae (33) 
and (34) with 6cq = 0. The solutions are are given by 





(49) 
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for Nq = 0. (For Nq = 1 we have Pq = (0^^) describing the graviton and the anti-symmetric Kalb- 
Ramond tensor.) Of course these momenta are still subject to the orbifold invariance condition (31). 
To ensure that both the gauge anomalies (16) and the L)-tadpole (18) vanishes, one is forced to 
introduce a new chiral superfield with charge —1. 

From the analysis of the resulting vacuum manifold we conclude that the zero locus of the potential 
reads 

\z'\^ = bo + \zy , (50) 

for say po = (0, 1,0,0) when the parameter Bq is positive. For the minimum value of {z'^) = this 
equation defines a circle of radius y/bo- But given the Abelian gauge transformation, this merely 
defines a point in the target space. This shows that an untwisted VEV does not result in an Abelian 
gauge flux and hence is not subject to any quantization condition. Hence, also within the GLSM 
description one concludes that an untwisted VEV can be interpreted as a continuous Wilson line. 

5 Some explicit examples 

In this section we would like to illustrate some of the general proposals that were put forward in 
the previous Sections to construct GLSMs that represent resolutions of heterotic orbifolds. To be 
concrete, we consider the heterotic 50(32) theory on certain non-compact orbifolds C^/Ztv- These 
orbifold models were classified e.g. in [68,69]. 

5.1 Resolutions of some C^/Zs orbifold models 

The Z3 orbifold is the simplest six dimensional orbifold, because it only has a single twisted sector. 
The orbifold twist reads 

^=(o,i^-|). (51) 

The classification of the Z3 models is straightforward and one can show that there are six modular 
invariant theories distinguished by the gauge shifts 

K=(l^^-f,0^6-='") , (52) 

with n = 0, 1, . . . , 5. The resulting gauge group is U{3n) x 5*0(32 — 6n). The twisted states and the 
spectra can be found e.g. in Tables 1 and 2 of Ref. [68]. In the following we will use n = 0, 1, . . . , 5 to 
distinguish these six different Z3 orbifold models. 

The Z3 orbifold standard embedding model (n = 1) 

We first describe GLSMs that can be associated with the model, which may be called orbifold standard 
embedding model, because the orbifold twist and shift are chosen equal. This model has n = 1 and 
its gauge group reads U{3) x 50(26). The complete non-compact orbifold C^/Zs spectrum reads 

+ 3r(3,1)o + (1,26)i + (1,1).2 . (53) 
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3r(3,26)i+3r(3,1) 
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state 


p P osc. 


q Q 


twisted 


(l,l)-2 

(l,26)i 
3r(3, 1)o 


(0,1^) (i^ ±1,0^2) 

(o,f) (i^ -1,0^3) ^^^^^ 


(o,iVi,o^) (-f,oi3) 

(0,1^0,-1,03) (i^±l,0l2) 

(0,1^02,-1,02) (i^0l3;-l) 


untwisted 


3r(3,26)i 
3r(3,1)-2 


(0,1, 02) (l,02,±l,0i2) 
(0,1,02) (-12,0,013) 


(0,1,02;03, -1,0) (l,02, ±1,0^2) 
(0,l,02;0^-l) (-1^0,0l3) 



Table 2: Z3 (un)twisted states in the orbifold standard embedding model (n = 1) and the U{1) charges q and 
Q in the corresponding GLSM. 

Here the states with 3r transform as a triplet under the unbroken SU{3)ii C 5*0 (6) part of the 
internal Lorentz group. The twisted states have integral multiplicity, while the states with fractional 
1/27 multiplicity are the untwisted states [70-72]: On the compact orbifold T^/Zs the untwisted states 
live everywhere on the orbifold. At one of the 27 fixed points of this orbifold the untwisted states give 
a contribution of 1/27. (These fractional multiplicities persist on resolutions of non-compact orbifolds 
as well [36,39]. But then only fractions of 1/9 appear as the SU{3)fi becomes contained in the SU{3) 
holonomy group, hence for the untwisted states we get 3 • 1/27 = 1/9.) 

We now analyze the possible GLSMs we can obtain from this spectrum. In Table 2 we have 
indicated the shifted momenta that define the untwisted and twisted states of this orbifold model, and 
the associated gauge charge of the possible GLSMs. Because we associate with each of these states 
a different bosonic worldsheet gauge symmetry, the charges q have five entries after the semi-column 
Consequently there are also five exceptional chiral superfields, because we need to preserve the 
number of spacetime dimensions. The charges q and Q for each of the five types of states in that 
Table have been chosen such that the pure ^7(1) anomaly cancels. The last two states in that Table 
are untwisted states, hence they generate continuous Wilson lines. Each of the other twisted states 
define a GLSM with a single blow-up mode. 

Only the last twisted state in Table 2, 3r(3,1), has an oscillator excitation. Therefore, in the 
corresponding GLSM we need to introduce an additional Fermi multiplet A'^ with charge —1, and the 
fermionic gauging^ 

SA^ = ¥ E , (5A"i = -^-1 H . (54) 

The complex parameters f3^i carry the same index structure as the twisted mode 3r(3, 1) of the 
orbifold spectrum. When we take them to be equal to f3^i = ^S^i, then we produce the true geometrical 
standard embedding, and the interacting part of the theory possesses (2,2) super symmetry; otherwise 
the model only has (2,0) supersymmetry. 

Finally, we briefiy comment on whether we can switch on various blow-up modes and possible 
Wilson lines simultaneously. One can check that it is impossible to combine the gauging associated 

^Here we have employed the following index conventions: i — 1,2,3 denote the complex internal space indices; 
/ = 1, 2,3 denote the fundamental 17(3) indices of the chiral-Fermi superfields A , the remaining indices of the chiral- 
Fermi multiplets A" have the range a = 1, . . . , 13. 
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with the blow-up mode (1,1) -2 with any of the other states, because the mixed anomahes never 
cancel. Also the untwisted state 3r,(3, 1)-2 cannot be combined with any of the states in the orbifold 
spectrum. The other three states, (l,26)i, 3r,(3, 1)o and 3p{,(3,26)i, can be used simultaneously to 
define GLSMs, since all the mixed anomalies vanish. 

The Z3 orbifold model with n = 

The orbifold model with n = has no orbifold embedding on the gauge degrees of freedom and hence 
the unbroken gauge group remains SO{32). Given that conventional wisdom states that one always 
need to have a non-trivial gauge bundle when one has a non-trivial geometry, this orbifold model looks 
very odd. It is therefore interesting to investigate this model in light of the GLSM construction: 

The n = orbifold model only has twisted states with integral internal shifted momenta, hence 
we will never be able to find any configuration of charges of the chiral-Fermi superfields, such that the 
worldsheet gauge anomalies cancel.^ We conclude that it is impossible to construct a resolved version 
of this orbifold model, as there seems to be no GLSM that could correspond to it. In other words the 
Z3 model with n = is rigid. 

The Z3 orbifold models with I < n < 5 

The possible GLSMs corresponding to the orbifold models with higher n can be analyzed in a similar 
fashion as model n = 1. In Subsection 6.2 we will use two of them (the models with n = 2 and 4) 
to demonstrate how we can compute the charge spectrum in target space directly from the GLSM 
worldsheet action. For this reason we do not describe these models here in any detail further. 

5.2 Resolutions of a C^/Z4 orbifold model 

In the current subsection, we consider the heterotic SO{32) theory on the non-compact orbifold C^/Tj^. 
Here we restrict our attention to the orbifold standard embedding, i.e. take 

This orbifold has two distinct twisted sectors, r = 1 and 2. In the first twisted sector the states have 
at most two oscillator excitations, and in the second twisted sector at most a single one, see Table 3. 
The momenta pi and p2 are uniquely given by pi = vi = (O, | , ^) and P2 = V2 = (O, ^ , O) for the 
target space complex bosons. On the orbifold, the theory possesses a residual SU(2)^ symmetry, the 
oscillator states with indices a,b = 1,2 form non-trivial representations under this group. In addition 
we introduce the following indices for the chiral-Fermi multiplets: A, B = 1,2 and a, /3 = 1, ... ,13. 

Next we want to investigate the consequences of selecting a set of these states as blow-up modes. 
As we have two sectors, and in each sector there could be a blow-up mode switched on, we need to 
introduce the two exceptional chiral superfields ^'"^ and This gives us the following table of 

®The fact that these twisted states have two oscillators does not seem to be relevant; we will encounter similar twisted 
states in the /1,4 orbifold model of Subsection 5.2, which can be treated following the general procedures put forward 
in this paper. 
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state 


representation in 4D 


g(A^,A3,A'^;A-\A-2) 


1st twisted sector: Ni = 0, = ^ 




Pi 

b 


(i^io- ±1)> 


(26,1) 1 1 / 

2' 8 

(l'l)l,-i ^ 


(I'i0i2 ±1;0 0) 

(-f 4 o^^oo) 






1 1 

4 


^1 (i -!io^^)> 


2k(1,2)o.3 / 

' 8 


(f ^ 0^3. .1 0) 




a 

Q 

d" 1 d 


3 ^ 

^2 

3 

1 

2 

\ 

4 




(l,l)o,| ^ 
(1,1); 3 / 

U, g 

3fl(l,l)o,| / 


(i' ^ 0^^; -1 0) 

1 0^3. .1 0) 

(i' ^ 0^3. .1 0) 


2nd twisted sector: N2 = 0, P2 = | 




P2 


(i' ±i)> 


(26,1) 1 1 / 

2'4 

(1,1)0,-1 ^ 
(1,1)1,3 / 


(i' ±1 ; 0) 
(4' 10^3. 0) 

(-i' -1 0^3 ; 0) 






0^2 ±1)) 

h (^'io^^)> 


(26, 1)1 1 X 

2 ' 4 

(l,l)o,| ^ 

(l,l)-l,-3 X 


(4' OOI2 ±1 ; 0) 

(i' -1 0^3 . 0) 

(i' 1 013 ; 0) 


N2 = l Pi = \ 


d% , 


.2 (i 4oo^^)> 


2_r(1, 2)0,0 ^ 


(i' 0^3 ; -1) 


~a 

a- 1 ; 

2 


P2 (i -i0 0^3)> 


2r(1, 2)0,0 X 


(i' 0^3 . ,1) 



Table 3: This Table lists the twisted states of the non-compact C'^/Z4 orbifold in the orbifold standard 
embedding, i.e. V = -\ 0^^). Here pi = vi = (O ^ i) and P2 = V2 = (O O) and the indices 
a,b,A,B = 1,2 and a,/? = 1,...13. The first charge on the target space states generated by (-^^ 0^'^) is 
anomalous, while the second generated by (^^ 0^^) is non- anomalous. 
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charges: 





^0 i^a ^3 




Qi 

12 


1^ i 
\' 


-1 
-1 



where a = 1, 2. 

In addition we need to give the corresponding charges of the chiral- Fermi multiplets A° and A"*". 
This information has also been collected in Table 3: The charges in the first and second twisted sectors 
are represented by Qi and Q2j respectively. For the blow-up modes containing oscillators, we see that 
these charges do not distinguish these state uniquely. But since precisely these states required the 
introduction of the additional chiral- Fermi multiplets A"'', there are compensating fermionic gauge 
transformations. For the oscillatory blow-up modes from the first twisted sector the charge vector 
always reads Qi = {\ , ^jO^^; -1,0) and the fermionic gauging is given in general by 

5iA^ = /3A^'^Hi , 5iA3 = (/3iVl/3 + i/?i,,vI/'^M/^)Hi , ^lA"! = -M/- Hi , (56) 

and (5iA" = JiA"^ = 0. For the oscillatory modes of the second twisted sector we have 

(52 A^ = /32^a ^2 , 52A-2 = -^-"2 , 52A" = <52A=^ = 52A-1 = , (57) 

with Q2 = (i ,0,0^^0, -1). We see that the coefficients of these transformations can be uniquely 
identified with the various twisted states with oscillators with one exception: In the first twisted 
sector we have 

2fl(l,2)o.3 , (1, 1)0 3 /3i , 3/j(l,l)o3 , (58) 

'8 '8 '8 

and 2jj(l,2)o,o ^ f^2"'b in the second twisted sector. There is only one state we do not account for 
here: The reason for this is that the two states with the oscillators a„i/2 ^-1/2 ^^^^ twisted 

sector are distinguished only by our choice of complex structure of the coordinate . 

Each of the states in Table 3 can individually be used as a blow-up mode. If we consider combi- 
nations of blow-up modes, the mixed anomalies have to vanish. For example, they cancel when we 
use the first twisted state (26,l)_i _i and a multiple of the first twisted states with oscillators as 

2' 8 

blow-up modes simultaneously. 

If we take one blow-up mode from the first and one from the second twisted sector then the mixed 
anomaly constraint reads 

Qi-Q2 = qi-q2 = l. (59) 

(One can check this condition and = 11/8 and Q2 = 3/2 are equivalent to the constraints found in 
ref [36] provided one makes the change of notation Qi = ^Vi + \V2-, Q2 = ^^2, where Vi and V2 were 
used in that reference.) This condition is fulfilled if we take any of the states from the first twisted 
sector except (1, 1)^ _ 1 and the state (26, l)_i 1 or 2/j(l, l)o,o from the second twisted sector. One 
extra constraint arises when one uses both 26 's from the first and second twisted sector simultaneously: 
The ±1 entries defining this representation should be different. This means that different components 
of these 26 's should take VEVs. 
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triangulation 



■El 
'E2 
'E3 



■S' 



condition(s) 



bi > b2 + 63 
b2>bi + 63 
^3 > ^1 + h 



bi <b2 + 63 
b2<bi+ 63 
^3 < ^1 + h 








1 



Table 4: The values of the Kahler parameters that define the four phases that distinguish the four triangu- 
lations ''Ei'\ "£'2", and "S"' of the completely resolved CVZ2XZ2 orbifold, i.e. with 61,62,63 > 0. The 

picture gives a sketch of these four regions defining x = bi/b and y = 62/6 with 6 = 61 + 62 + 63- (Outside the 
large triangle at least one of the Kahler parameters is negative and the resulting phase does not correspond to 
a triangulation of smooth toric variety.) 

Finally, we consider the issue of projected out twisted states in the context of resolutions of this 
heterotic Z4 orbifold model. We argue that it is impossible to associate a GLSM with the second 
twisted states that got projected out from the four dimensional spectrum. These states are marked 
with an "x" in Table 3: First of all, the state 2/j(l, 2)o,0; or explicitly dr^i \p2 0^^) ), cannot be 

associated with a GLSM, as it would induce a non-holomorphic fermionic gauging 62^."^ = P2^°'^a ^2, 
which is inadmissible by (2,0) supersymmetry. Furthermore, none of the other projected out states 
(26, 1)1 _i, (1, 1)q 3 and (l,l)_j^ _3 can ever satisfy the mixed anomaly cancellation condition (59) 
with any of the charges Qi associated with the states in the first twisted sector. Hence whenever we 
have switched on a first twisted state as blow-up and included its effect in the GLSM, these projected 
out states cannot be consistently associated to it. 

5.3 Resolutions of the /Z2XZ2 orbifolds 

Our final example involves resolutions of the orbifold C'^/Z2xZ2. The orbifold group contains four 
elements, apart from the identity we have 



for a = 1, 2, 3. There exist six heterotic orbifold models distinguished by the choice of gauge shifts Va, 
a = 1,2,3. 

Before we investigate the GLSMs that can be associated to this orbifold, we briefly recall the 
resolution of this orbifold in the language of toric geometry. The toric resolution of this orbifold 
has three ordinary divisors Da and three exceptional ones Er- The resolution is not unique in toric 
geometry; there are four topologically distinct complete resolutions possible, corresponding to the 
four different triangulations of the toric diagram. In [36] we referred to these triangulations as the 
"^1", ''E2", "-B3" and "5"' triangulations. In the triangulation ''Ei" the curve DiEi exists but the 
curve E2E3 does not. The triangulations "£"2" and "-B3" have similar properties, while in the "S"' 
triangulation all the curves E1E2, E2E3 and EiE^ exist, but none of the curves DrE^. In figure 4 we 




(60) 



23 



divisor 


exists when 
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D2E2 
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D3 
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D3E3 
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D1D2 




63 <0 






-Di-E'2,3 


62 >o , 


63 > 


E2 


62 > 






62 < 






-D2-E1 3 


61 >0 , 


63 > 


E3 


63 > 


D2D3 




61 < 






A3-E'l,2 


61 > , 


&2 > 



Table 5: This Table indicates under which restrictions of the Kahler parameters b,. the various divisors and 
curves exist. 

have given the conditions on the Kahler parameters that distinguishes these four triangulations, see 
e.g. [24]. 

5.3.1 GLSM description of topological transitions 

These different topologies can be easily understood as some of the phases of the associated GLSM. 
For this we do not even need to specify exactly which twisted states take VEVs, as long as a VEV 
is switched on in each twisted sector. We now describe this in detail without requiring any detailed 
knowledge of toric geometry. (Of course all the information discussed here can be efficiently be read 
of from the toric fan associated with the resolution.) 

The Z2XZ2 orbifold models have three distinct twisted sectors, with shifted right-moving momenta 
Pi = (0, ^, P2 = (|;0, p3 = ^,0), respectively. Hence, in addition to the chiral superfields 
a = 0,1,2,3, any resolution model contains three exceptional chiral superfields r = 1,2,3. 
We have the following charge assignment: 



superfield 














qi 








1/2 


1/2 


-1 
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1/2 





1/2 





-1 


93 





1/2 


1/2 








-1 



Switching on a VEV of a state in each twisted sector, leads to the potential 

v=§ {^^^-\xr-bi)\ I (^^-1x^1^-62)% I (^^-kT-53)' , (61) 

for the scalars and x'^ of the chiral superfields ^'^ and respectively. The divisors Da and Er 
are defined by the equation Da = {z'^ = 0} and Er = {x'^ = 0}. By studying the phases defined by 
this potential we can get a lot of information about the topology of the corresponding geometries. 

We start by investigating the existence of possible divisors depending on the Kahler parameters 
br- The divisors Da exist for any value of the Kahler parameters, as one can always find values of 
the other coordinates such that the potential vanishes identically. Contrary, the divisor E,. only exists 
when br > 0: When 6^ < the square in which it occurs only contains positive or non-negative terms, 
so that it is impossible to make the potential to vanish. In order that we can talk about a smooth 
geometry, we need that all exceptional divisors exist, hence all three Kahler parameters 61,^25^3 ^ 0. 

For curves the situation becomes more complicated, because there are many possible curves inside 
the geometry. In Table 5 we indicate under which conditions curves, that are intersection of two 



24 



distinct divisors, exist. Here we only illustrate the principle by considering the curve DiEi. By 
setting = = the potential (61) reduces to 

^L... - 1 i^-^^r + 1 i^-i^r-^^f + 1 i^-i^r-ny . (02) 

For this potential to vanish, the terms in each of the three squares need to vanish separately. The 
first square can only vanish when bi > 0. By adding the terms in the second and third squares and 
subtracting the terms in the first square we find an additional condition on the Kahler parameters 

< + = 6i - 62 - ^3 • (63) 

Hence the curve DiEi exists when bi > and 61 > 62 + ^3- These conditions are satisfied even 
when 62 or 63 are negative, i.e. when a smooth description does not apply. For a smooth geometry all 
Kahler parameters are positive, hence the first condition is then implied by the second. Using similar 
arguments one can confirm the results summarized Table 5. 

Not only the existence of divisors and curves can be determined from the scalar potential (61), 
it can even be used to compute the intersection numbers of three distinct divisors in a given phase: 
The existence of a given intersection is determined in the same way as the existence of a divisor or 
a curve: It exists when the potential restricted to this intersection can vanish. Suppose that this 
is possible, then the intersection number is obtained by the following considerations: If the vacuum 
is unique, then the intersection number equals unity. Alternatively, if there is a residual Z2 gauge 
symmetry, then the intersection equals 1/2. Consider the partial resolution with 61 > 62 > > 63 as 
an illustration: As the corresponding toric diagram suggests, is the intersection D1E1E2 = 1. Indeed 
the potential (61) restricted to D1E1E2 has as vacuum solution 

(Z3) = 726^, (Z2) = v/2(6i - 62) , (X3) = Vh - 62 - 63 , (64) 

on which no residual discrete gauge transformation acts. On the contrary, the vacuum solution of the 
potential (61) restricted to D1D2E1 

{z3) = ^/2h, {X2) = Vh - b2 , {X3) = V^3, (65) 

has a residual Z2 gauge symmetry: The gauge symmetry does not act on 23 hence fixing X2 and 
X3 only fixes this U{1) gauge symmetry up to a sign, the Z2 phase. Consequently, the intersection 
number D1D2E1 equals 1/2. 

These considerations combined imply that the GLSM associated to the C'^/Z2xZ2 orbifold has 14 
phases in total. The distinctions between the different phases can be visualized by the toric diagrams 
of the (partially) resolved Z2 x Z2 singularity. This information has been collected in Table 6. The 
orbifold phase has all Kahler parameters negative; when we take them to tend to —00 we recover 
the orbifold CFT. Other regions in parameter space, where we have some computational controle 
have all Kahler parameters positive and large. In this case we find ourselves in a supergravity regime 
and we can analyze the theory using geometrical means. But as noted at the beginning of this 
Section, this geometry is not unique, but depends on the triangulation of the toric diagram. In 
previous works [23,24,73] we have tried to go from the orbifold regime directly to the regimes where 
supergravity can be trusted. From the results found here, we conclude that these analyses only took 
into account five of the 14 possible phases. The orbifold phase and the four geometrical phases are 
connected to each other only by a single point: 61 = 62 = &3 = 0. The other phases have neither a 
fully geometrical interpretation nor are describable as an exactly solvable CFT. 
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orbifold phase: 
no exceptional divisors 



partial resolution: 
two exceptional divisors 



bi<0 
b2<0 
63 <0 



bl > b2 > E.2 \ El 

b3<0 



partial resolution: 
one exceptional divisor 



61 > 

62 < 

63 <0 




62 > fel > E, 

63 <0 




full resolution: three exceptional divisors 



61, 62 > £2 
b3>bi + 62 



bu 63 > 
62 > 61 + 63 




62, 63 > 
bl >b2 + 63 



61 + 62 > 63 > 
i*! + 63 > &2 > 

62 + ^3 > fel > 




Di E3 D2 




Table 6: This table gives the 14 phases of the GLSM associated with the C'^/Z2 XZ2 orbifold. We have not 
displayed all the partial resolutions: The others are obtained by cyclic permute of the labels 1,2,3. 
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5.3.2 GLSM anomalies versus Bianchi identities 

One can consider heterotic supergravity on one of the toric resolutions. The fundamental consistency 
relations in geometrical compactification are the Bianchi identities. For resolutions of the C'^/Z2xZ2 
orbifold these conditions strongly depend on the triangulation [36], because the intersection numbers 
do. As our general discussion showed, from the worldsheet perspective the role of the Bianchi identities 
is played by the anomaly cancellation conditions of the GLSM. Let us investigate their relation in more 
detail: 

When we use a single blow-up mode in each of the three twisted sectors (without oscillators), the 
anomaly cancellation conditions read 

Q\ = Ql = Ql = \^ Qi • Q2 = Q2 • Qs = • Qi = ^ , (66) 

where Qi, Q2 and Q3 are the charges of the chiral- Fermi multiplets of the GLSM. 

It is instructive to compare this with the Bianchi identities on the three exceptional divisors 
E2 and E-^ within the geometries defined by the four different triangulations. In the symmetric 
triangulation "S"' we find 

Q? + 2Q2-Q3 = 2, Ql + 2Qi-Q3 = 2 , Ql + 2Qi-Q2 = 2 , (67) 

while in asymmetric triangulation we obtain 

Qi + Qi = 3, Ql-2Qi-Q3 = l , Ql-2Qi-Q2 = l . (68) 

(The results in the other two asymmetric triangulations are obtained by cyclic permutations of the 
labels.) Each of these sets of conditions separately are weaker than (66). However, when we combine 
all four sets of Bianchi identities, we have a set of equations that are equivalent to the anomaly 
cancellation conditions (66) of the GLSM. 

The fact that the anomaly conditions (66) of the GLSM contains all the possible Bianchi identities 
of the supergravity models on the four resolutions, should not come as a surprise: The GLSM formalism 
allows us to smoothly move in moduli space between the various phases, including the four geometrical 
phases described by these triangulations. Therefore a consistent string model should at least produce 
consistent supergravity models in each of these full resolutions. Even from the supergravity perspective 
alone, one can argue that the various Bianchi identities that arise in the different triangulations should 
be superimposed: Even if a flop-transition itself is beyond the range of validity of supergravity, in 
each of the resolutions associated with the different triangulations supergravity should be valid. Since 
neither the flux nor any of the exceptional divisors have disappeared during the flop transition, the 
Bianchi identities on the different resolutions have to be imposed on the same gauge flux. 

In ref. [36] line bundle models on orbifold resolutions were also investigated (using the parameter- 
ization Vi = —Qi/2 there). In addition to the Bianchi identities within a certain triangulation, also 
three Bianchi identities, 

Ql = Ql = Ql = \. (69) 

were enforce on the three resolutions of C^/Z2 contained in any C3/Z2XZ2 resolution. This gave m 
total a maximum of six conditions. However only for resolution "5" these six conditions are all inde- 
pendent and equivalent to the GLSM anomaly cancellation (66). For the asymmetric triangulations 
this procedure leaves one condition out. 
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In the same paper [36] it was argued that none of the asymmetric triangulations can be used for 
model building purposes, as the flux quantization conditions and the Bianchi identities are incompat- 
ible. On non-compact spaces it is not strictly necessary to satisfy all flux quantization conditions. On 
resolutions of the compact orbifold r^/Z2xZ2 it was shown that the flux quantization conditions are 
automatically satisfied, when the fluxes are identified in the proper way from the orbifold shifts and 
Wilson lines [24]. Since we identify the superfield charges with shifted momenta up to integers, our 
formalism also automatically ensure that the relevant quantization conditions are fulfilled. 

6 Charged spectrum 

6.1 Marginal kinetic deformations 

An important and difficult question is how to determine the charged spectrum of a resolution model 
described by a GLSM directly. There are two regimes where computational methods are available: the 
orbifold point and large volume limits. At the orbifold point in moduli space the theory is described 
by a free CFT, so that the complete spectrum can be obtained. In section 3 we reviewed how the 
massless spectrum can be computed. Also in the large volume regime, where all cycles are large, 
one can use cohomology methods and index theorems to compute the spectrum. These methods are 
essentially field theoretical in nature. These methods might therefore not take all string effects into 
account and are not obviously applicable in phases other than the large volume regimes. 

In this section we would like to propose a method to compute the charge massless spectrum which 
is intrinsically stringy, i.e. that uses properties of the worldsheet theory. The idea behind this method 
is motivated by how one can identify the massless states that the heterotic string describes in ten 
dimensions. Recall that the free action (1) can be extended with various marginal deformations giving 
a formulation of the heterotic string in a general background. Each of these deformations corresponds 
to some states in the target space theory. E.g. the kinetic terms of the worldsheet coordinate fields 
define the metric and the Kalb-Ramond field, while marginal deformations of the kinetic terms of 
the left-moving fermions gives rise to the gauge fields. Inspired by this we investigate the marginal 
deformations of GLSMs. 

A certain part of such deformations have already been identified. First of all, the Fl-parameters 
for the various bosonic gaugings are holomorphic functions of the chiral superfields, hence correspond 
to massless states in the target space theory, which may be interpreted as complexified axions. (In this 
work we ignore possible non-perturbatively generated superpotentials by e.g. worldsheet instantons.) 
In addition, when we consider twisted states with oscillator excitations as blow-up modes, we were 
forced to introduce fermionic gaugings (46) on the worldsheet. The coefficients in these fermionic 
gauge transformations are again holomorphic and could be identified with the twisted states with 
oscillator modes. Therefore, we consider here only marginal deformations of the kinetic terms of the 
chiral and chiral-Fermi superfields in the GLSM. 

To this end we start with a generic GLSM, and consider all possible kinetic deformations of it. 
This produces a gauged non- linear sigma model (GNLSM). Insisting that these deformations respect 
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(2,0) super symmetry, the worldsheet action''' 

Sgnlsm = J d^ad^e+ (fc.P^'^ - V^a fe'^) - ^ N^^KA^ - \ n^^Aji^ - ^ n^p A^A^^} (70) 

is encoded in a few functions A;^, Ai", A^"/?, n"'^ and of the chiral superfields and their conjugates 
^a- In equations (C.42) and (C.45) of Appendix C.2 we give the full component worldsheet action for 
the non-gauged non-linear sigma model (NLSM) up to auxiliary field contributions. 

To determine the massless states in the four dimensional target space theory one considers defor- 
mations that are generic functions of and ^'o- In analogy to ten dimensions, the deformations that 
are only functions of these coordinates only constitute the four dimensional metric, Kalb-Ramond field 
and the massless gauge fields in four dimensions. There are also deformations possible that involve 
the internal chiral superfields \I'" and '^a, a 7^ 0. One might think that any deformation, that depends 
on the internal coordinates, gives rise to states that are massive in the target space theory. However, 
this is not always the case: Massless state can still arise because some of these internal coordinates 
take a non-vanishing VEV in certain phases of the GLSM. The analysis of the spectrum is therefore 
strongly dependent on the phase of the GLSM one is considering. 

This method does not capture all the massless states in all phases. In partially resolved (or hybrid) 
phases, where the VEVs do not specify the vacuum uniquely, the corresponding twisted sectors have 
to be added by hand. Fortunately, by standard orbifold CFT techniques they can be computed. Hence 
in particular in the orbifold phase, the deformations only give us the untwisted sector. 

Since we are primarily interested in the charged target space spectrum we describe this expansion 
for the deformations of the kinetic terms of the chiral-Fermi multiplets in more detail. From (C.45) 
and (C.46) in Appendix C.2 we read off that the scalars of the four dimensional chiral multiplets are 
identified by 

A^"/3,a , n^^^a , n^p,a , (71) 

with a 7^ in leading order, that do not vanish in the phase in question. (As observed above a = 
corresponds to the massless four dimensional gauge fields.) Since we would like to consider only 
the massless modes, we ignore any contributions in these functions that depend on ^a^"^ or fully 
gauge invariant (anti-)holomorphic combinations. Because of worldsheet gauge anomaly cancellation 
the charges of the Fermi multiplets are bounded. Consequently so are the possible charges of the 
functions N'^jj and n"^ . By restricting only to a derivative w.r.t. the holomorphic coordinates z"", we 
have selected a given four dimensional helicity. This allows us to identify holomorphic derivatives of 
these functions with the scalar components of chiral multiplets in the effective four dimensional theory 
(anti-holomorphic derivatives are associated to their complex conjugates). To summarize, not from 
the functions N"fs and n°'^ themselves, but from their holomorphic derivatives we can read off the 
four dimensional spectrum of chiral multiplets. 

It may happen that a state might be present in a resolved phase, while it seems to be absent in the 
orbifold phase. In this case this state can be interpreted as a twisted state which remained massless 
in the resolution process: In the orbifold phase it is not really absent, but has to be included to the 
spectrum via the twisted worldsheet boundary conditions. When a state exists both in the orbifold 
and resolution phases, it should be thought of as an untwisted state. In the examples discussed in the 
next Subsection we encounter these effects explicitly. 

^Here we made the assumption that there are no fermionic gaugings; including fermionic gaugings requires the 
introduction of the Fermi-gauge superfields Er in the chiral-Fermi multiplet kinetic terms, see (C.34) of Appendix C.2. 
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Table 7: Possible monomials that can build up the functions N"^, n°'^ and fiap. The third row indicates 
whether a monomial contributes to massless states in the orbifold phase with 7^ 0. The fourth row whether 
a monomial contributes to the massless spectrum in at least one of the three resolution patches with (z') ^ 0. 
Based on this one can interpret the corresponding state as an untwisted (U) or twisted (T) state as displayed 
in the fifth row. (With U' we indicate that the monomial gives an untwisted contribution in the orbifold phase, 
while with T' twisted contributions that partially compensate the untwisted states.) The final row gives the 
resulting multiplicity. 

6.2 Example: spectra of Z3 orbifold resolutions 

We now illustrate how one can determine the spectrum of a GLSM which describes a resolution of 
an orbifold model. Concretely, we consider again the non-compact orbifold C'^/Za as in Subsection 
5.1. Because of worldsheet gauge anomaly cancellation the non- vanishing charges of Fermi multiplet 
bilinears Aq,A^, A^A^ and A'^A'^ lie between —4/3 and 4/3. It follows that there are eight monomials 
out of which the functions N'^ and n^^ can be build, which are given in Table 7. 

As Table 7 contains important information, let us briefly explain how to read it. The eight 
monomials are unique by the following requirements: 1) They involve at least a single holomorphic 
superfield and 2) they do not involve any gauge invariant factors, like ^a^'^ (not necessarily 
summed over a) or \I/i\I/2\I/3\j/-i^ q^q^ I22 order that one of the combinations (71) corresponds to a 
massless state in a given phase, it should not vanish when the corresponding VEV(s) are inserted. 
The /'s and x's specify precisely whether the monomial exists or vanishes in that phase. The orbifold 
phase has a Zs-degenerate vacuum with {z'^) 7^ 0, hence in this phase we can only identify untwisted 
states. These are marked as U in Table 7. Since the monomials corresponding to these untwisted states 
always involve ^t*, they have a three- fold degeneracy resulting in a multiplicity 3/27 = 1/9. As we can 
see from this Table most untwisted states survive also in the resolved phases with (z') ^ 0. In addition, 
derivatives of some other monomials do not vanish. These novel contributions can be interpreted to 
represent the twisted states that remain present in the resolution phases. The monomial '^'^ gives 
rise to a single twisted state. The monomial '^i^'^ gives rise to three resolutions states, i.e. their 
multiplicity is 3. However, when going from the orbifold phase to one of the resolution patches, the 
untwisted deformation corresponding to the monomial ^-i^'* (denoted by U') is removed, hence the 
net multiplicity is 3 — 3/27 = 26/9. (We refer to this contribution as T'.) 

We have applied this prescription to compute the resolution spectrum of each of the seven line 
bundle resolution models described in [39] and found agreement in each case. We display the analysis 
here only for the following two cases: 
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6.2.1 A Z3 orbifold resolution model with n = 4 

First consider the resolution of the orbifold model (n = 4 see (52)) with twist and shift given by 



/ 1 2, 



V 



n4 

-I .0') 



The corresponding orbifold model has gauge group U{12) x 50(8) and spectrum 



1 r 
27 



3r(12, 8)1 + 3r(66, 1)-2 + (1, 1)4 + (8+, 1 



-2 • 



(72) 



(73) 



Hence we can choose either the singlet (1,1)4 or the spinor representation (84.,l)-2 of SO{S) as a 
blow-up mode. If we take the singlet, we have Q = (| , 0"^), and we obtain a GLSM with the following 
charge assignment 



(74) 



Field 


^0 




^-1 






q,Q 





1 
3 


-1 


1 
3 






with i = 1, 2, 3, / = 1, . . . , 12 and a = 1, . . . , 4. 

We can make the following expansion of the kinetic terms of the chiral-Fermi multiplets: 



'S'fc 



-- / dVd20^ 



N'j A/A-^ + iV"^ A«A^ + n"'^ AaA^ 



+N^a A/ A" + n^-^ A/A J + n^^" A/A«} + h.c. 



(75) 



The functions j, N"/^, n^^ and fiap are all neutral and therefore correspond to the gauge sector of 
the theory. We read off that the resolution gauge group is U (12) x SO{S); the same as on the orbifold. 

Given the charge assignment in equation (74), we infer that the remaining functions N,n carry 
non- vanishing charges 



Function 








nij 




nia 


Q 


1 
3 


1 

3 


'1 

3 


'1 

3 


1 

3 


1 

3 


Type 


U 






u 


u 





(76) 



We do not give the monomials explicitly as the charges of the monomials determine them uniquely, 
see Table 7. From this result we can immediately read off the charged spectrum in the resolution 
phase: The function n/j is anti-symmetric in / and J, hence it gives the untwisted state (66,1). 
The functions a and are also untwisted and form the (12,4) and (12,4) representations of 
C/(12) X C/(4), respectively. Together they combine to (12,8) of U{12) x 5*0(8). In summary we have 
found the charged spectrum 



^(12, 8) + ^(66,1) 



(77) 



This agrees with the resolution spectrum of Table 2 in [39] computed via a generalization of an index 
theorem. 
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6.2.2 A Z3 Resolution model with n = 2 

In the previous example we only found untwisted states in the resolution phase. With our next example 
we illustrate that we can also correctly determine twisted states in the four dimensional spectrum. 
We start from the Z3 orbifold model (n = 2) with shift 



V 



V 



.3 , 3 ,0^°) , (78) 

so that the orbifold gauge group equals f/(6) x 50(20). The orbifold spectrum of this model is 

1 



27 



3r(6, 20)1 + 3r(15, 1)-2 + 3r(1, 1)2 + (15, 1) 



As blow-up mode we choose a mode in the (15, l)o. Concretely we take 

,14 22 



Q = Pi 

This gives the following charge assignment 



-3 ' 3 



(79) 



(80) 



Field 


$0 




^-1 






A" 


q,Q 





1 
3 


-1 


1 
3 


2 

3 






(81) 

with i = 1,2,3, / = 1, . . . , 4, A = 1,2, and a = 1, . . . , 10. This results in the following expansion of 
the kinetic terms of the chiral-Fermi multiplets: 

Spermi = " ^ / d''ad^9+ [n' jAjA^ + iV^B AaA^ + A"^ A.A'^ + n''^KAp 

+ N\ A/A^ + N^i AaA^ + N^a A/ A" + A"/ A« A^ + A^« AaA" + A"a A« 



+ n'' A/ A J + n^^ AaAb + n^^ AjAa + A/A^. + A^A^} + h.c. . 



The functions on the first line, A^j, N^b, A"^^, n°'^ and fiafs, are neutral, hence they correspond to 
the unbroken four dimensional gauge group C/(4) x C/(2) x 50(20) in the resolution phase. Given the 
charge assignment of equation (81), we infer that the charges of the remaining functions are: 
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u 





(83) 



By Table 7 we have determined how we should interpret the resulting states in the effective four 
dimensional theory. Putting all this information together we obtain the following resolution spectrum: 

11 1 1 26 

- (6, 1, 1) + g (4, 1, 20) + - (1, 2, 20) + - (4, 2, 1) + (4, 2, 1) + - (1, 1, 1) . (84) 



This again agrees with the resolution spectrum of Table 2 in [39] up to charge conjugation. 
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7 Conclusions 



The aim of this paper was to consider a framework that can smoothly interpolate between heterotic 
orbifold models and supergravity on their resolutions with gauge bundles. As gauged linear sigma 
models (GLSMs) reduce to orbifolds, when taking a certain limit of the Kahler parameters, and allow 
for a large volume description in another limit, they provide an ideal setting for this investigation. 
However, before we could use this formalism, we first needed to address the following question: Given 
a heterotic orbifold model with a certain number of twisted states with non-vanishing VEVs, what 
is the corresponding GLSM? We proposed that the shifted momenta that characterize these twisted 
modes essentially determine the charge assignment of the superfields of the GLSM. 

To be precise, we made the following identifications between the shifted momenta and the GLSM 
charges: By adding integers to the entries of the right -moving shifted momenta of each blow-up 
mode we arranged them to all lie between and 1, and to sum up to unity. These entries are the 
charges of the chiral superfields that contain the target space coordinates. To ensure that the total 
sum of charges vanishes, an exceptional chiral superfield with charge —1 was added for each blow-up 
mode. Furthermore, for the twisted modes without any oscillator excitations the left-moving shifted 
momenta are identical to the charges of the chiral-Fermi multiplets that generate the gauge field and 
matter representations in target space. When twisted modes contain oscillators, it was necessary to 
modify some components of the left -moving shifted momenta by an integral amount before they could 
be identified with the chiral-Fermi superfield charges. Consequently, twisted states with oscillatory 
excitations induce fermionic gauging and result in non-Abelian gauge bundles, like the standard 
embedding. 

This proposal leads to some intriguing relations between the orbifold theory and the GLSM descrip- 
tion: The level matching and massless conditions of the twisted states ensured that the pure GLSM 
anomalies cancel automatically. The Z^r projection conditions on higher twisted states is closely re- 
lated to the absence of mixed gauge anomalies in the GLSM. In particular for a Z4 orbifold model 
we showed that none of the second-twisted states, that were projected out, could be associated with 
a consistent GLSM: Either the mixed gauge anomalies did not cancel, or the fermionic gauging was 
not holomorphic as it should. Moreover, irrespectively of whether a twisted mode with non-vanishing 
VEV contains oscillator excitations or not, it is associated with an exceptional cycle inside the resolved 
geometry: The volume of this cycle is determined by a Kahler parameter, which in the GLSM appears 
as a Fl-parameter for the worldsheet gauge multiplet. This justifies calling such a twisted state with 
non-zero VEV a blow-up mode. 

The GLSM framework provides a very powerful environment to study different regions of the 
string moduli space: Different triangulations of geometrical phases and the resulting intersections of 
divisors can be easily understood by analyzing the supersymmetric minima of D-term potentials on 
the worldsheet. Moreover, even in regions that neither allow for an orbifold nor for a large volume 
description, the GLSM nevertheless makes perfect sense. We have illustrated this by investigating 
the 14 different phases associated with (partial) resolutions of the C^/Z,2 x Z2 orbifold. Beside the 
orbifold phase and the four different triangulations of the fully resolved geometry in the large volume 
limit, there are nine additional hybrid phases, where some Kahler parameters are positive while some 
others are negative. This corresponds to partially resolved geometries for which both orbifold and 
supergravity descriptions presumably fail, yet for the GLSM this does not seem to pose any serious 
obstruction. 

In order to confirm that in the large volume limit the GLSM gives the same results as certain 
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gauge bundles (line bundles in the cases we considered) on the resolved orbifold, we developed a 
method to read off the effective four dimensional charged massless spectrum directly from the GLSM. 
The method is inspired by how one identifies the ten dimensional target space metric, B-field and 
gauge fields in the sigma model on the string worldsheet: We considered marginal deformations of the 
kinetic terms of the chiral-Fermi multiplets that induce the gauge degrees of freedom. For all seven 
line bundle models on the resolved Z3 orbifold, identified in [39], we found exact agreement. 

Outlook 

As we have seen GLSMs associated to more complicated orbifolds, like the C^/Z2xZ2, may possess 
many quasi-geometrical phases. In these phases even the approximate validity of both supergravity 
and the orbifold CFT description are questionable to say the least. Our hope is that this work improves 
the understanding of how to obtain physical statements in these hybrid and therefore intrinsically 
stringy regimes of the moduli space. Heterotic orbifolds can be equipped with (generalized) discrete 
torsion [74-76]. Recent works [67,77-79] suggest how discrete torsion may be implemented in a GLSM 
description. It would be intriguing to extend these ideas to GLSM resolutions. 

It would be very interesting to extend our GLSM methods to compact orbifold resolutions as well. 
The recent description of the resolved /'L2 x ^2 in ref. [24] might be a good starting point for such 
an investigation. For the non-compact C'^/Z2 x Z2 we have shown that the pure and mixed GLSM 
anomaly cancellation conditions encode the Bianchi identities of all four triangulations of the fully 
resolved orbifold combined. This might suggest that we should combine all possible Bianchi identities 
on compact orbifold resolutions to ensure that the resolution model has a proper string lift. Probably 
part of these conditions are identical to the mass-shell conditions of the twisted blow-up modes. In 
refs. [24, 38] we have already used such conditions to find solutions to the Bianchi identities in a 
given triangulation. However, with our current knowledge we cannot exclude that there are additional 
conditions that need to be fulfilled in order that a given heterotic supergravity in a given triangulation 
has a full string lift. 

Another question, which needs to be clarified further, what is the scale Mr in the ln((T^.)/Mr) 
in equation (37). The precise value of of course depends on the precise parameterization of the 
moduli space described by the Kahler (or FI-)parameter pr and the definition and normalization of the 
twisted state [T^) in the effective target space theory associated to the orbifold CFT. The arguments 
presented here only suggests that is of the order of the string scale, but its precise value is unknown. 
Does it depend on r, or is it universal for all twisted sectors? Knowledge of the parameter is of 
phenomenological relevance as it is probably related to the scale where treatment of the orbifold CFT 
with "small" perturbations induced by the VEV (T^) breaks down. 

As mentioned in the Introduction GLSMs do not describe true string dynamics as their dimen- 
sionful coupling constant break conformal invariance. Therefore one should really study GLSMs in 
the strong coupling limit. This means that non-perturbative quantum effects, like instantons, can 
be very important. It has been shown that worldsheet instantons do not destabilize these mod- 
els [56-58,80]. More recently, there have been investigations of the resulting non-perturbative super- 
potential of GLSMs [52,53,81]. Such investigations could be extended to the GLSMs discussed in the 
present work. 

The main reason to restrict ourselves to GLSMs has been simplicity. True string backgrounds 
are described by non-linear sigma models (NLSMs). As we have seen in the computation of the 
effective four dimensional spectra the study of gauged NLSMs (GNLSMs) could be very useful. It 
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would therefore be very appealing to investigate gauged NLSMs in more detail. One might think 
that once one is considering NLSMs, gauged NLSMs are essentially obsolete, because one can remove 
the gauge degrees of freedom in the strong coupling limit. However, the gauged description makes a 
useful distinction between topological properties that characterize the gauge bundles involved and the 
precise forms of the metric, i?-field, and gauge field backgrounds. 

Finally the successful approach of calculating part of the spectrum by investigating the kinetic 
terms of the chiral-Fermi multiplets may be somewhat surprising, because such non-holomorphic 
terms are not protected against renormalization effects. However, given that these terms give rise to 
the charged chiral spectrum in the effective target space theory in four dimensions, the computation 
may nevertheless be reliable in general. Further investigations are needed to understand exactly under 
which conditions what part of the four dimensional spectrum can be determined by such techniques. 
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A Reduction of 4D superspace to 2D (2,2) and (2,0) superspaces 

In four dimensions the N = 1 superspace has complex Grassmann coordinate 9^ and with a,a = 

+, — . The anti-symmetric tensor carries spinor indices with e"' = —e-\ = 1. The (2,2) superspace 

in two dimensions is identical to the four dimensional superspace. In the (2,0) superspace one only 
keeps 0^ and 9^ as complex Grassmann variables [82]. The supercovariant derivatives read 

D^ = d^ + iaZO'^dm , Da = -da - iaZO'^dm , (A.l) 

and satisfy the algebra 

{Da,Da} = -2iaZdm ■ (A.2) 

Here m = 0,1,2,3 are the four dimensional space-time indices. In the reduction to two dimensions 
we only keep the coordinates and a^. Left- and right-moving or holomorphic and anti-holomorphic 
coordinates are introduced via a = (o-° + o-3)/2 and a = {a^ - a^)/2, such that 

d = 80 + 83, 8 = 80 -8s. (A.3) 

The non-vanishing part of the algebra of super covariant derivatives becomes 

{D+,D+} = -2i8 , {D^,D^} = -2id . (A.4) 

Note that = -2D+D^ and D = 2L>+D_. The integration over Grassmann variables is defined 
as differentiation 

Jd'^0 = J d^9+ J d^9~ , J d^9^A = ^[D±,D±]A\^ . (A.5) 
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B (2,2) supersymmetric field theories 
B.l (2,2) superfields 

There are three basic bosonic superfields or multiplets of (2,2) supersymmetry in two dimensions: the 
chiral, the vector and the twisted-chiral multiplet. The first two have an analog in four dimensional 
superspace, the last one is a curiosity of two dimension. 

Chiral and anti-chiral multiplets, C and , are defined by the constraints 

D+C = D^C = , D+C^ = D^a = . (B.6) 

A vector superfield V is defined as a real superfield with a gauge transformation 

V^ = V, V^V-C-Z, (B.7) 

where £,£ are chiral and anti-chiral multiplets. The vector field itself is not gauge invariant, but out 
of it one can construct gauge invariant field strengths 

r = -^+D-V , T = -^^D+V . (B.8) 

These are twisted-chiral and twisted-anti-chiral superfields, defined by the constraints 

iD+T = D^T = , D+T = D-T = . (B.9) 

If the chiral multiplets are charged under the vector field, they transform under gauge transforma- 
tions as: 

C^e^^-^C, d^C^e^^-", (B.IO) 

where we allow for a number of gauge fields and chiral multiplets, so that the gauge transformations 
are encoded by a charge matrix q. It is then convenient to introduce gauge covariant derivatives 

Va = Da , V^ = e^^W^e^^^ '^ = Da-2q- (D^V) . (B.ll) 

Using them we can define gauge covariant (anti-)chiral superfields, defined by 

P+C = P_C = 0, P+C = P_C = 0. (B.12) 

This amounts to defining C = C^e^^ "^ while keeping C as before. Their gauge transformations read 

C^e^^-^C, C^Ce-^^-". (B.13) 

The anti-commutation algebra of the gauge covariant derivatives is more involved 

{V+,V+} = -2iV , {V_,V_} = -2iV , 

{V+,V^} = 2V2q-r , {P_,P+} = 2^/2g•r , 

where P and T> denote the gauge covariant versions of the derivatives d and d, respectively. 
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B.2 (2,2) actions 



A general action of a (2,2) theory can be decomposed in the fohowing parts: a Kahler potential, a 
superpotential, a twisted-superpotential and a gauge kinetic action. They read: 

^Kahlcr = I dVd^^ K(C,C) , (B.15) 



5supcr = IJ dVd^^ W{C) + h.c. , 5t„istcd = IJ d^ade+de~ P-T+ h.c. . (B.16) 

The dimensionality of the twisted superfield T only allows linear terms to appear in the twisted 
superpotential. The quantities p can be thought of as Fayet-Iliopoulos parameters. And finally the 
gauge kinetic action can be written as 

5gaugc = J d^ad^eTT , (B.17) 

where e is the gauge coupling. 

C (2,0) supersymmetric field theories 

C.l (2,0) superfields 

In this Appendix we describe the basic (2,0) multiplets in terms of the (2,0) superspace language 
reviewed above. These multiplets are the vector multiplet, the chiral multiplet, the chiral-Fermi 
multiplet and the Fermi- gauge (or unconstraint Fermi) multiplet. 

The vector multiplet consists of two real superfields V and A. Their bosonic gauge transformations 
read 

V^V-Q-Q, A^A + id{Q-Q), (C.18) 

where and O are chiral and anti-chiral super gauge parameter, i.e. D+G = and D+O = 0, 
respectively. These transformation can be used to reach the Wess-Zumino (WZ) gauge. In this gauge 
the only non- vanishing components of V and A are 

A„ = \\D+,D+]V\^ , A^ = A\^ , b = \\D+,D^]A\^ , 

1 1 _ (C.19) 

^ = -^^D,Al, ^ = ^^D,A\^, 

by restricting (derivatives of) it to 6^ = 6^ = indicated by |-(_. This WZ gauge is left invariant by 
residual transformations for Q = —ia/2 = —Q (where a is a real function not a superfield), which 
induces an Abelian gauge transformation A^ — t- Au — da and A^ — ?• A^ — da. We define the super 
field strengths 

F = -\D+{A-idV) , F=^D+{A + idV) (C.20) 
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for the pair V and A. The super field strengths fulfill the constraints 

D+F = D+F = 0, (C.21) 

hence they are examples of chiral Fermi multiplets which are introduced below. The components of 
the super field strengths are given by 

F\+ = ^(t>, F\+ = ^^, D^F\+ = ^{D + iF„^) , D+FU = ^{D-iF„^) , (C.22) 

where F^-^ = dA^ — dA^y is the gauge field strength. 

Next we introduce gauge covariant chiral and anti-chiral superfields ^, ^' = xj/tgSV g obey the 
constraints 

= = , (C.23) 
respectively, where the gauge covariant derivatives are defined as 

V+ = D+ , V+ = e^^W+e-^^-'^ = D+-2q- (D+V) , (C.24) 
in the chiral basis. Consequently they transform under bosonic gauge transformations as 

^^e^Q-^^-, ^t^^tgae.g "^^-^g-seg^ ^^25) 

The notation G • q allows for the existence of a set of chiral superfield covariant w.r.t. the set of bosonic 
gauge transformations. The gauge covariant versions of the derivatives d and d read 

V = ^{V+,V+}, V = d + 2i{A-idV)-q , (C.26) 

on covariant chiral superfields, respectively. The components of the gauge covariant chiral and anti- 
chiral superfields are defined as 

z = ^\^, ^P = ^V+^\^, z = ^^, ^ = i=P+*|^. (C.27) 

The chiral-Fermi multiplets are fermionic superfields that fulfill the following constraints 

V+A = V+A = , (C.28) 

where the gauge covariant derivative P+A = — 2D^V ■ Q)A on A is given by charges Q, as in 
(C.24) for the chiral superfields. The components of chiral-Fermi and anti-chiral-Fermi superfields are 
given by 

A = Al , /i = ^P+Al , A = AL, h = -^V+A\^, (C.29) 
1+ ' V2 '+ + ^/2 ' + 

The super field strengths (C.20) are chiral-Fermi multiplets that are inert under gauge transformations. 

The fourth and final type of (2,0) superfields we need to introduce are Fermi-gauge superfields, S 
and S. They transform with shifts under fermionic gauge transformations 

S^S-F2H, S^S + 2H, (C.30) 

where H and H are neutral chiral-Fermi and anti-chiral-Fermi superfields. These transformations allow 
us to gauge some components of S and S away; the remaining physical components are 

s = ^D+J:\^, ip = ^[D+,D+]J:\^, s = ^D+^_^, ^ = ^[D+,D+]^\^ . (C.31) 
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C.2 (2,0) actions 

A general (2,0) action can be decomposed into kinetic actions for the various (2,0) multiplets, a 
superpotential and a Fayet-Illiopoulos (FI) term. We first give tlieir kinetic actions 



■'gauge 



^2 I d^ad'e+ FjFi , 5chirai = ^ y d^ad^e+^aV^- , (C.32) 
^Fermi = / d^^jd^O^ (A„ - ^M\{^)) (A" - M^(^) S*) , (C.33) 

5fer.gauge = -^ j d^od^O+D+^^BD+T^ {CM) 

for sets of gauge superfields {{V, ^)^}i chiral superfields {^"}, chiral-Fermi superfields {A"} and Fermi- 
gauge superfields {S*}, respectively, with the fermionic gauging given in (2). The (2,0) superpotential 
and FI actions are given by 

5supcr = j dVd0+miVc.(^) A" , = j dVd^+p/(^)F^ , (C.35) 

in terms of holomorphic functions Na{^) and pi{^) of the chiral superfields The parameters e/, 
Cj and m have dimension of mass. 

C.3 Non-linear sigma models 

A non-linear sigma model (NLSM) of the heterotic string can be described by the action Si^ct = S^+Sa 
with [43] 

S^ = ^ [ d^0+ (kad^'' - k^d^a) , (36 a) 



Sa = -^ J d^e+ [n^^ Apk^ + i n„;3 A"A^ + i n"/^ A,A^} , (36 b) 

where ka and riap = —n^a ^'^^ arbitrary complex functions of the chiral superfields ^ and ^ . Their 
complex conjugates are denoted as A;" and n"^. Finally, N^a is an Hermitean function of ^ and ^. 
We introduce the following short-hand notations for the background metric 

G\ = \ {K\ + K\) , = kb,\ K\ = k\, (C.37) 

and the Kalb-Ramond two-form B2 = B'^i^dzadz^ + ^ babdz'^dz'' + b'^'^dzadzf, given by [43] 

B\ = i {K\ - K\) , bab = l {ka,i> - kb,a) , b'^' = ^ {k'^'' - k''-) . (C.38) 

The one-form Ki = i{ki — ki), with ki = ka dz*^ and ki = k°' dza, can be thought of a prepotential for 
both the metric and the Kalb-Ramond field simultaneously. In particular, one has 

B2 = i{di - di)Ki = dih + diki - diki - Bih , (C.39) 



39 



with di = dz^da and di = dzad"". This does not define the most general possible torsion classes as 
only the following components of the three-form field strength = di?2 are switched on 

Habc = H-'"' = ^ . Hal,'' = {ka,b-h,a): . i/"^ = ^ - fc^ ^) ,e • (C.40) 

In the presence of torsion the Christoffel connections are modified 

The component action can be written either as 

5vp = -i {dzadz^ + dzadz'') - \ B^b {dzadz^ - dzadz^) 

+i i^b G\ (dii^'' + r+i dz^ r) - i {di^d + ^bd zc r+f) g\ r , 



(C.42) 



or as 



S^,= - i Cb {dzadz^ + dzadz'') + i bab dz^dz'' + i b"'' dzadzb 

_ (C.43) 
+1 iJb G\ (B^l:'' + T+t dz' r) - h (di^d + i^bd Zc T+f ) G\ r , 

In the first form the purely holomorphic and anti-holomorphic components of the -B-field are absent, 
while in the second form the B'^b does not appear. These two actions describe the same physics as 
they differ by a total derivative only. On the level of the two-form B2 this can be understood as a 
gauge transformation B'2 — B2 = {di + di){li + h): 

B'2 = diih + h) + di{ki + h) - diih - h) - diCh - h) . (C.44) 

We can therefore find a gauge in which either B°'b vanishes or where bab = b""^ = 0, but we cannot set 
all of them zero at the same time. 

The component form of the Fermi multiplet action (ignoring the auxiliary field contributions) reads 

5a = ~XaN"p (dX^ + dz- - Aa'^^ dz^ X^Xp 

(C.45) 

_1 (^dx^ + d-ZaT\)mp X^ + '-A\p dZa A°A^ 

where we have introduced an SO{'i2) gauge field Aa decomposed in the adjoint and the anti-symmetric 
tensor (and conjugate) representations of C/(16), respectively, as 

Aa"/3 = (iV-')%iVV> A%=iVV(A^~'r/3 , Aa"'' = n"/^,, , A% = (C.46) 

D Reduction of (2,2) to (2,0) supersymmetric field theories 
D.l Decomposition of (2,2) superfields in (2,0) superspace 

The chiral and chiral-Fermi (2,0) superfields defined in Appendix C can be recovered from the (2,2) 
chiral superfield by reducing the (2,2) superspace to (2,0) by making an expansion in the Grassmann 
coordinates 6~,6~: 

^ = C\ , A = ^D^C\ , ■^ = C| , A = ^D^C\ . (D.47) 
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The (2,2) chirality of C is therefore inherited by ^ and A. These expansions are by definition (2,0) 
gauge covariant, but not fully (2,2) gauge covariant. The reason is that we use the Distler-Kachru 
convention [47, 48] in this decomposition which uses the ordinary super covariant derivatives D_ and 
-D_ and not their gauge covariant versions P_ and P_: This ensures that the chiral- Fermi multiplet 
A is indeed chiral.*^ 

Consequently, the (2,2) gauge parameters C and C are restricted to (2,0) superspace: 

G = £|_, H = i=i?_£|_, e=Z|_, H = -^D_Z|_, (D.48) 

with and H chiral and chiral-Fermi superfields, respectively. The induced transformations act on 
the (2,0) components of (2,2) chiral superfields as 

^^e^®-^^, A^ e2® «(^2H- + a) . (D.49) 

This reproduces the bosonic and the fermionic gauge transformations. 

The (2,2) vector superfield can be reduced in a similar fashion. The (2,0) vector multiplet is 
obtained by the restrictions 

V = V\_, A = ^[D_,D_]V\^ , E = i=I)_V|_, E = -^;d_V|_. (D.50) 

Using the fermionic transformations (C.30) allows us to gauge some components of T, away, however, 
given that T|- = D+S and T|- = D+S given in (B.9) define gauge invariant superfield strengths, 
their components are physical. The other fermionic parts of T and T 

define the superfield strengths for the pair V and A defined in (C.20). 
D.2 (2,0) Reduction of (2,2) actions 

In section B.l three basic actions for (2,2) superfields have been defined. With the technology presented 
in the previous subsection, the three actions (B.15)-(B.17) can be rewritten in the (2,0) language. 
The superpotential action becomes 



Ssuper = ^ / d'^de+ W,a(^)A" + h.C. , (D.52) 



where the subscript a on W^a denotes differentiation w.r.t. Similarly for the twisted-superpotential 
action we find 

^twisted = ^ / d'f^d^+ PiF' + h.C. , (D.53) 



*If one instead, following Witten [42], uses gauge covariant derivates to define this (2,0) decomposition, a Fermi 
multiplet is chiral up to a holomorphic function: D+A = E{^). 
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where the index / labels the Abelian vector multiplets. The reduction of the Kahler potential action 
reads 

^Kahler = J d^ad^e^ K^^m^ - K^m^^ - ^ K!'a{K - E • q^UK - S • gM/)-^] . (D.54) 



Finally, the gauge action takes the form 

1 



5'gauge — / d crd '' 



FF + iD+T,dD+J: . (D.55) 
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